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The existence of stereoisomerism can be related to the presence of structural features referred to as stereocenters. 
On the basis of this relationship, computer software capable of generating all stereoisomers of a given 
constitutional isomer has been developed. Input to the program is a canonical connection table. In an initial 
step the stereocenters present in the structure are identified and characterized either as true-stereocenters or 
para-stereocenters. In the presence of n different true-stereocenters, structure generation is trivial and leads 
to 2" stereoisomers, each of which can be represented by a parity vector. In the presence of topological 
symmetry, the number of stereoisomers may be less than 2"; Le., some of the 2" parity vectors correspond to 
equivalent configurations. An algorithm for determining equivalences among the set of 2" parity vectors is 
described. Program output includes the parity vector of each valid stereoisomer and the relationships between 
them, i.e., enantiomeric or diastereomeric. A simple procedure for representing the parity vector of the 
stereoisomer as a three-dimensional representation is given. 

INTRODUCTION 
The characterization of the structure of an organic com- 

pound of synthetic or natural origin on the basis of its chemical 
and spectral behavior is of widespread importance in the 
chemical and biological sciences. In the case of compounds 
of considerable complexity, such as in commonly encountered 
in natural products, the process of characterization can be 
time-consuming, even in the hands of experienced chemists. 
In recent years, reports of long-term efforts in thedevelopment 
of software to augment the productivity of chemists engaged 
in this kind of work have appeared in the literature. Systems 
such as CHEMICS,' EPIOS,2 ACCESS,3 and SESAM14 
integrate some spectrum interpretation capabilities with 
constrained structure generation. CONGENS and GENOA: 
although highly interactive and powerful, are structure 
generators only and therefore require the interpretation of 
spectral data and the input of structural information by the 
user. 

The SESAMI project has as its goal the development of 
software capable of directly reducing the collective spectro- 
scopic properties of a compound of unknown structure to no 
more than a manageable number of alternative structures, 
each of which is compatible with the data. This set of 
alternative structures is the entry point for the chemist who 
then must make the correct assignment from among them. 
Since this is a task at which the experienced chemist excels 
and usually completes relatively quickly, substantially in- 
creased productivity can be achieved. Furthermore, since 
SESAMI exhaustiuely generates structures compatible with 
the spectral data, the chemist has the assurance that no equally 
compatible structure has been overlooked. 

SESAMI currently produces a set of isomers differing in 
constitution. Although software which discriminates between 
the enormous number of constitutional isomers corresponding 
to a given molecular formula can be of great value in structure 
elucidation, in practice an unknown is not fully characterized 
until its absolute configuration is ascertained. Thus, the 
enhancement of SESAMI's capabilities to include stereoisomer 
generation is a natural and necessary next step. 
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The output of the constrained structure generator of 
SESAMI is a set of connection tables (2.0-Dstructures) which 
describe the atom connectivity of the constitutional isomers 
prod~ced .~  Methods for both the enumeration of stereoisomers 
(i.e., calculation of the number of possible stereoisomers of 
a given constitutional isomer)8-10 and the generation of 
stereoisomers (Le., determination of the number of possible 
stereoisomers and the configuration (parity) at each stere- 
ocenter of each stereoisomer of a given constitutional 
isomer) 11-14 from atom connectivity information have been 
reported. Clearly, SESAMI's requirement is for the latter. 
The output of stereoisomer generation is a set of 2.5-D 
structures, Le., a set of connection tables augmented to include 
a parity symbol at each atom or set of atoms constituting a 
stereocenter. A 3.0-0 structure describes, in addition, the 
coordinates of each atom in space for a given stereoisomer 
and can be generated from a 2.5-D structure using model- 
building techniques. 

Nourse was the first to consider the generation of stere- 
oisomers from connectivity information only. The first step 
in his procedure' 1 , 1 2  is the examination of the 2.0-D structure 
to identify all stereocenters. This is followed by stereoisomer 
generation, a process which is complicated only in the presence 
of molecular symmetry. Nourse's solution utilizes a new 
representation of symmetry called the configuration symmetry 
group. The more recent work of Zlatina and Elyashberg,l3 
whose objective is the determination of an appropriate spatial 
model for each stereoisomer, combines the analysis of 
molecular topological symmetry, as developed by Nourse, with 
a consideration ofgeometric qualities. In Sasaki's approach,14 
stereocenter identification is followed by generation of all 
possible combinations of configurational parities in a process 
that uses defined "configuration molds". In a final step, a 
stereochemically unique name is assigned to each stereoisomer 
so generated, thereby permitting recognition and elimination 
of the redundancies arising from the presence of molecular 
symmetry. Wipke15 and BalabanI6 have each developed 
computer-based methods for the general and unambiguous 
description of stereochemistry; the former was utilized by 
Sasaki. 

No software for stereoisomer generation (2.5-D structures) 
is currently available. It is the purpose of this paper to detail 
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b. if each of these cycle-membered, tet- 
racoordinate carbon atoms bears two sub- 
stituents which are either constitutionally 
different or constitutionally identical, but with 
each possessing either at least one true- 
stereocenter or one or more potential stereo- 
centers meeting these same conditions (Le., 
rule 1). 
2. A tetracoordinate carbon atom is a para- 

stereocenter if 
a. it bears one or two pairs of constitu- 

tionally identical substituents, each of which 
contains at least one true-stereocenter or two 
parastereocenters as defined in rule 1 above, 
or 

b. it bears three or four constitutionally 
identical substituents, each of which contains 
at least two true-stereocenters or at least two 
separate assemblages of two or more para- 
stereocenters as defined in rule 1 above. 
3. A set of two or morecontiguously-joined, double- 

bonded carbon atoms is a para-stereocenter if one or 
both terminal atoms bear constitutionally identical 
substituents containing at least one true-stereocenter 
or two para-stereocenters as defined in rule 1 above. 

After application of these rules, those atoms and sets of 
atoms not already classified as non-stereocenters, true- 
stereocenters, or para-stereocenters are added to the class of 
non-stereocenters. 

There are noteworthy differences between para-stereo- 
centers defined by rule 1 and those defined by rules 2 and 3. 
Rule 1 applies to groups of potential stereocenters whose 
stereogenicity is interdependent. Rules 2 and 3 deal with 
individual potential stereocenters. What has commonly been 
referred to in the past as a “pseudo-asymmetric” carbon atom 
is defined by rule 2. Different procedures are required for 
implementation of these rules. Rule 1 is applied recursively; 
rules 2 and 3 can be applied directly. 

Although examples of non-stereocenters and true-stereo- 
centers are easily envisaged, the structures in Figure 1 are of 
value in visualizing the nature of para-stereocenters. 

(i) In structure a, two identified potential 
stereocenters are carbon4arbon double bonds 
(atoms 1-2 and 3-4). Atoms 1-2 comprise one 
para-stereocenter because one atom of the double 
bond is part of a cycle, while the other atom bears 
two different groups, and because there exists in 
the same cycle another double bond, atoms 3 4 ,  
that also meets the requirements for assignment 
as a para-stereocenter (rule la).  The situation is 
similar in structure b except that the noncycle 
member of bond 1-2 bears two identical groups, 
each containing a true-stereocenter. 

(ii) Carbon atoms 1 and 4 of structure c are 
defined as para-stereocenters in accord with rule 
lb. Atom 1 bears two different substituents (H, 
OH), and there exists a second comparable atom 
(atom 4) in the same cycle. Structures d and e 
possess three and six para-stereocenters, respec- 
tively, based on the same rule. 

(iii) Structure f requires both rules la and l b  
and also illustrates the application of an important 
principle, that of transitiaity. Atoms 1-2 and 
atom 4 are each para-stereocenters if atom 3 is 
one also. But, if atoms 1-2 and 4 are para- 
stereocenters, then it follows that atom 3 is indeed 
one (e&, if atom 4 is a para-stereocenter, then 

a practical approach to the creation of such software. Since 
thegeneration of 2.5-D structures does not require a knowledge 
of the spatial relationships of atoms or the constraints imposed 
by bonding considerations, chemically unstable isomers may 
be produced at this stage. Some “intelligence” has been added 
to eliminate some of these isomers (e.g., E-cyclohexene). More 
will be added at a later stage. 

BASIC CONCEPTS 

The generation of 2.5-D stereoisomers of constitutional 
isomers possessing no topological symmetry is straightforward. 
Complications arise in the presence of symmetry. In this 
section, pertinent definitions and concepts central to the 
development of a general computer-based approach to the 
generation of stereoisomers are presented. 

Stereocenten. The origin of most stereoisomerism in 
chemical compounds can be described in terms of a small 
number of structural features, referred to herein as stereo- 
centers.” The presence of such stereocenters is a sufficient 
condition for the existence of stereoisomers. In developing 
computer-based procedures for the generation of stereoisomers, 
the nature of the stereocenters to be considered must be 
precisely defined. 

In organic compounds, carbon stereocenters are largely 
responsible for stereoisomerism. The discussion here, there- 
fore, focuses on the properties of carbon, but its applicability 
to related elements (e.g., nitrogen) should be evident. In our 
approach, all non-hydrogen atoms and selected sets of atoms, 
e.g., atoms connected by double bonds, are considered as 
potential stereocenters. The program next classifies each as 
a non-stereocenter, true-stereocenter or para-stereocenter. 

The process begins with the identification of all atoms with 
less than three neighbors (i.e., all mono and dicoordinate 
atoms) and atoms bound together by aromatic bonds. These 
are designated non-stereocenters and not considered further. 
Next, all tetracoordinate carbon atoms bearing four consti- 
tutionally different substituents, and all sets of two or more 
contiguously-joined, doubly-bonded carbon atoms (e.g., C - L ,  
C=C=C), each terminus of which bears constitutionally 
different substituents, are classified as true-stereocenters. The 
remaining tetracoordinate carbon atoms and sets of contig- 
uously-joined, doubly-bonded carbon atoms are examined for 
assignment of para-stereocenters. (We use the term “para- 
stereocenter” (para = resemble) to denote a structural feature 
which, although not a true-stereocenter, does influence the 
determination of the number and kinds of stereoisomers of a 
given compound in the procedure described herein.) Topo- 
logical symmetry is a necessary condition for the existence of 
para-stereocenters, but does not ensure their presence in a 
structure. Para-stereocenters can be identified by means of 
the following rules: 

1. Two or more potential stereocenters which are 
members of the same cycle are classified as para- 
stereocenters if the assemblage consists of sets of 
contiguously-joined, doubly-bonded carbon atoms 
and/or tetracoordinate carbon atoms, and 

a. if the terminal atom of each of these 
double bond systems that is the cycle member 
bears constitutionally identical substituents 
while the other terminal atom has either 
constitutionally different substituents or con- 
stitutionally identical substitutents with either 
one or more true-stereocenters or one or more 
potential stereocenters meeting these same 
conditions (Le., rule l) ,  and 
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Figure 1. Examples of compounds containing para-stereocenters. 

atom 3 is also one because atom 3 is a member 
of the same cycle as atom 2 and because, although 
atom 4 bears two identical groups (going around 
cycle B in either direction from atom 3 gives rise 
toexactly thesame "path"), each possesses a para- 
stereocenter, atom 4. Application of this rea- 
soning leads to the conclusion that structure (g) 
possesses no para-stereocenters. Since atom 4 now 
does not meet the requirements of rule 1, neither 
does atom 3, and therefore, neither do atoms 1-2. 
Thus, there are no stereocenters in structure g. 

(iv) Atoms 9 and 10 of decalin (h) are assigned 
as para-stereocenters since each meets the con- 
ditions in rule lb. They are clearly not true- 
stereocenters, but if h is viewed as a substituted 
cyclohexane (cycle A), then atoms 9 and 10 are 
part of the same cycle and each bears two different 
groups (one of which is the path of cycle B in each 
case). Thus, the conditions of rule l b  are met. 

(v) Atoms 1 of structures i and j are each 
identified as para-stereocenters in accord with 
rules 2a and 2b, respectively. In structure i, the 
potential stereocenter, atom 1, is a member of a 
ring containing two true-stereocenters. The two 
identical substituents are part of the same ring. 
Atom 1 of structure k, in which the three identical 
substituents of atom 1 possess only one true- 
stereocenter, is assigned as a non-stereocenter. 

(vi) Atom 1 of structure 1, which bears three 
constitutionally identical substituents, each of 
which contains two separate assemblages of two 
para-stereocenters (for a total of four para- 
stereocenters), is a para-stereocenter (rule 2b). 
Atom 1 of structure m would not be so assigned. 
Each of the three identical substituents of atom 
1 contains four para-stereocenters, as in structure 
1, but in thiscase the four form a singleassemblage. 

a 
2 3 1  2 1 3  - 1 2 3  - c-)--. 

Gi G2 G3 

( I  2)(3)(4)(56) (13)(24)(56) 

Figure 2. Graph permutation: (a) permutation notation; (b) 
automorphism group. 

(vii) Structure n contains four atoms recognized 
as para-stereocenters (atoms 1-4) by the appli- 
cation of rule 1. Since atom 5 bears two identical 
substituents each of which contains two para- 
stereocenters, it too is assigned as a para- 
stereocenter based on rule 2a. 

(viii) The atom set (1-2-3) of structure o is 
assigned as a para-stereocenter on the basis of 
rule 3. 

(ix) Application of the rules leads to the 
detection of three para-stereocenters in structure 
p: atom 5 (rule 2) and atom sets 1-2 and 3-4 
(rule 3). 

Symmetry. The connectivity of a graph can be expressed 
as an adjacency matrix, A, whose elements, ay, are equal to 
1 if vertices i and j are connected, and 0 if they are not. The 
automorphism (symmetry) group of a graph consists of 
permutations of the vertices such that the edge connections 
are preserved. Figure 2a shows three graphs which can be 
interconverted by permuting their vertices. The permutation 
GI - Gz can be symbolically represented in one of three ways: 

(1 2 3) 1 2 3  2 3  I 

2 3  1 

cycle standard shortened 
notation mapping mapping 

Cycle notation is extensively used in this paper, although the 
mapping notation also finds application.. In cycle notation, 
elements within parentheses are permuted in the order shown 
from left to right; Le., vertex 1 becomes 2 , 2  becomes 3, and 
3 becomes 1. Cycle notation stresses that if an element returns 
to the beginning of thevector, the cycle is completed. Avertex 
that is not yet visited is the starting point to generate the next 
orbit in the cycle. For example, the permutation producing 
G3 and GI (Figure 2a) is designated 

(1 2)(3) 
Standard mapping notation shows the original order of 

(identity) in the first row and the permuted elements in 
succeeding rows. Reading down in a column reveals the 
changes; Le., 1 goes to 2, etc. The shortened mapping notation 
shows the new order imposed on a set by a permutation, but 
excludes the standard order of ascending numbering of the 
vertices. Consider a case whereonly the last two elements are 
interchanged within a set of twelve elements: 

cyclenotation: (1) (2) (3) (4) ( 5 )  (6 )  (7) (8) (9) ('0) ('1 12) 

standardmapping: 1 2 3 4 5 6 7 8 9 10 11 12 
I 2  3 4 5 6 7 8 9 10 12 11 

shotendmapping: 1 2 3 4 5 6 7 8 9 10 12 11 

This last notation is very practical for computer representation 
since any permutation of vertices can be represented by a 
vector. 
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The concept of automorphism can be illustrated with the 
graphs shown in Figure 2b. The permutation (1 2)(3)(4)(5 
6) preserves all the original connections in that neither new 
connections are introduced nor existing ones destroyed, but 
the permutation (1 3)(2 4)(5 6) does not preserve the 
connectivity since it introduces a connection between vertices 
1 and 2 which does not exist in the original graph. Likewise 
3 and 4 are connected in the original graph and become 
disconnected in that permuted graph. Consequently, the 
permutation (1 2)(3)(4)(5 6) belongs to the automorphism 
group, while the permutation (1 3)(2 4)(5 6) does not. 

The automorphism group of a graph is composed of all 
permutations of vertices which do not make or break any of 
the original connections between vertices. It can be defined 
in formal terms. To each permutation of vertices we can 
assign a matrix P, called the permutation matrix. The ith 
row of the permutation matrix contains all zeros except at the 
j th column if i goes t o j  in that permutation. In that case a 
“1” is entered. To illustrate, the permutation matrix for the 
permutation (1 2)(3 4)(5 6) is shown below 

0 1 0 0 0 0  

p =  [ ; ; ; ; ;] 
0 0 0 0 1 0  

A permutation belongs to the automorphism group of a graph 
if and only if 

PAP-’ = A 
where P-l  is the inverse of the permutation matrix and A is 
the adjacency matrix of the graph in question. 

The automorphism group of a graph is almost always a 
subgroup of Sn, where n is the number of vertices and Sn 
denotes the set of all n! permutations of n objects. Sn is the 
automorphism group of a graph containing n vertices only if 
the graph is complete or trivial.ls (A graph is complete if 
every vertex in the graph is connected to all other vertices of 
the graph. It is trivial if any vertex is not connected to any 
other vertex of the graph.) For other cases, the automorphism 
group is a subgroup of Sn. 

At the present time, the algorithm for constructing the 
automorphism group of a compound (graph) is computa- 
tionally ir~tensive.l~-~~ A totally “brute-force” approach 
involves checking all n! permutations (where n is the number 
of vertices) for conservation of connectivity. However, the 
procedure used here is simplified by first carrying out the 
automorphism partitioning of the set of vertices of the graph.” 
Since only topologically equivalent vertices can be permuted 
within the automorphism group, only permutations within 
the automorphism partitioned sets need to be considered. For 
the graph in Figure 2b, automorphism partitioning leads to 
two sets of vertices, Y1 = {1,2,5,6) and YZ = {3,4). Therefore, 
no permutation in the automorphism group can exchange 
vertices between sets Y1 and Y2. Consequently, prior auto- 
morphism partitioning simplifies a 6! (720 operations) problem 
to a 4! X 2! (48) problem. Now the brute-force approach 
would only require checking 48 permutations for conservation 
of connectivity. In practice, however, closure, inverse, and 
other properties of the group structure can be used to further 
reduce the number to be checked. 

The compound shown in Figure 3 (compound I) is used to 
illustrate the step-by-step computer-based procedure for 
stereoisomer generation. The required automorphism group 
of that graph as generated by this procedure is shown as 

Figure 3. Structure (compound I) illustrating concepts and procedures 
of stereoisomer generation. 

B A 
(AB)(1423) 

A B B A 
(AB)( 14)(23) (A)@)( 12)(34) 

Figure 4. Particle-in-a-box illustration of wreath product &[&I. 

follows: These eight operations and only these eight preserve 
the connectivity of the original graph shown in Figure 3. The 
first of the eight is the identify operation. 

p3 = (1 2)(3 4)(5 6)(7 8)(9 10)(11 12)(13)(14) 

p s  = (1 3)(2 4)(5 7)(6 8)(9 11)(10 12)(13 14) 

p a =  (1 4 2 3)(5 8 6 7)(9 12 10 11)(13 14) 

p ,  = (1 4)(2 3)(5 8)(6 7)(9 12)(10 11)(13 14) 

To ensure the validity of the computer-based procedure for 
constructing the automorphism group, a manual approach 
based on the wreath product f o r m a l i ~ m ~ . ~ ~ ~ ~  was undertaken 
and the result was compared to the computer output. The 
discussion here also serves to provide additional insight into 
the nature of the automorphism group. 

The wreath product of two groups G and H-written as 
G[Hl-is illustrated for the simplest case of S2[S2] (where 
S2 is the group of all permutations of two objects) using the 
particles-in-a-box model shown in Figure 4. Each of the two 
boxes contains the same number of particles; two in this 
example. (In the event the boxes do not contain the same 
number of particles, a more complex procedure, the generalized 
wreath product, is req~ired.~’ If G is the permutation group 
of the boxes A and B, and H i s  the permutation group of the 
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particles in each box, then the group of all permutations of 
particles in both boxes is given by the wreath product of G 
(the outer group) with H (the inner group). The number of 
permutations in the group G[W is 

IGI x IW 
where n is the number of boxes, [GI is the number of elements 
in the group G and 14 is the number of elements in the group 
H. For the case of two particles in each of two boxes, as in 
Figure 4, the group in the wreath product S2[S2] contains 2 
X 22 = 8 permutations. In Figure 4, the first four permutations 
(a-d) are generated by the action of the inner group Hon the 
particles in the boxes, while the last four permutations (e-h) 
are generated by the action of G on the boxes followed by the 
action of Hon the particles. It is important to note that group 
G[W is isomorphic to ( H I  X HZ X ... X Hn)*G, where HI, Hz, 
..., Hn are copies of the same group H. 

The two-particles-in-each-of-two-boxes model of Figure 4 
is applicable to the construction of the automorphism group 
of the graph. The topologically equivalent vertices 13 and 14 
can be the boxes and the vertices attached to 13 and 14, (1, 
5,2,6,9,10) and (3,7,4,8,11,12), respectively, the particles. 
It is evident that the permutations (1 2)(5 6)(9 10) and (3 
4)(7 8)(11 12) each independently leave graph I invariant. 
Consequently, if the vertices 13 and 14 are mapped to boxes 
A and B, and the vertices attached to 13 and 14 are mapped 
to the particles in each box, the automorphism group of graph 
I is isomorphic with the group in Figure 4. In this case, the 
outer group is given by 

G = I(1 )(2)(3)(4)(5)(6)(7)(8)(9)( W(1 1 12)(1 3)( 141, 
(1 4)(2 3)(5 8)(6 7)(9 12)(10 11)(13 14)} 

where the former corresponds to Figure 4a-d and the latter 
to Figure 4 e h ,  while the two copies of the inner group H are 
given by 

H ,  = ((1)(2)(5)(6)(9)(10), (1 2)(5 6x9 10)) 

RAZINGER ET AL. 

H2 = ((3)(4)(7)(8)(11)(12), (3 4)(7 8)(11 12)) 

where the two components of H I  and H2 correspond to the two 
particles in the boxes of Figure 4. The full expansion 
(multiplication of the wreath product group) gives exactly 
the same eight permutations as derived from the computer- 
implemented algorithm described earlier, thereby validating 
its output. 

INTRODUCTION TO STEREOISOMER GENERATION 
The number of stereoisomers in which a given constitutional 

isomer may exist can be related to the nature and number of 
stereocenters it possesses. The maximum possible number of 
stereoisomers (N) for a compound with n stereocenters is 2". 
This is achieved when all of the stereocenters are true- 
stereocenters and all are substituted differently. In the 
presence of topological symmetry, the number of stereoisomers 
may be less than 2". The extent of reduction is structure- 
dependent, and no general mathematical relationships are 
known which predict the number and kinds of stereoisomers 
in all cases. 

Consider a molecule with n (n > 1) dSfferent true- 
stereocenters. Each stereocenter exists in one of two con- 
figurations which is accordingly assigned a parity value of + 1 
or -1. Thus, the configuration of a given stereoisomer can be 
expressed as a vector of length n consisting of +1 and/or -1 
as elements. Mathematically, there are 2" different vectors, 
the maximum number of stereoisomers possible (N). This 

information can be conveniently expressed as an N X n matrix 
which is called the stereoparity matrix (M) and takes the 
form 

n 1 2 3 4  ... 
1 
2 

M =  

N -  1 
N 

1 1  1 1 . - 1 1 1  
1 1  1 1  -0' 1 1 - 1  
1 1  1 1  1 - 1  1 
1 1 1 1 ..* 1 -1 -1 
: * - * * * - '  . : : : : : : :  

-1 -1 -1 -1 ... -1 -1 1 
-1 -1 -1 -1 ... -1 -1 -1 

The presence of topological symmetry in a compound with 
n stereocenters can lead to topological equivalence among 
true-stereocenters and/or the introduction of para-stereo- 
centers and consequently, a number of stereoisomers less than 
N. In this case, some of the row vectors of the N X n 
stereoparity matrix are mathematically equivalent and, there- 
fore, configurationally equivalent. 

The automorphism group of such a compound is at the 
heart of establishing the equivalence of the configuration 
vectors. Although permutations of the automorphism group 
conserve connectivity of the graph of a compound, they do not 
necessarily conserve parity (configuration) at all stereocenters. 
Parity at true-stereocenters is conserved in all cases because 
they bear no topologically equivalent substituents. Therefore, 
the substituents cannot be interchanged by a permutation of 
the automorphism group. However, since para-stereocenters 
do bear equivalent substituents, which may be interchanged 
by a permutation, parity may not be conserved at these centers. 
The concepts of stereoindex vectors and signed permutation 
matrices provide a pragmatic means to follow if and where 
such changes occur and parallel Nourse's use of the config- 
urational symmetry group." 

Consider a structure characterized by topological symmetry 
with n stereocenters. For each permutation p of the auto- 
morphism group of that structure, a stereoindex vector SP is 
assigned. The stereoindex vector is a column vector containing 
n elements, each of which corresponds to one of the stereo- 
centers. An element is given a value of + 1 if the stereocenter 
to which it corresponds is a true-stereocenter. If the stere- 
ocenter is a para-stereocenter, its corresponding element in 
the vector is given a value of -1 if its equivalent neighbors are 
interchanged by the permutation p and a value of +1 if they 
are not interchanged. 

Compound I serves to illustrate this concept. The auto- 
morphism group consists of the eight permutations described 
earlier in cycle notation. Only six of the vertices-9, 10, 1 1, 
12,13,14-arestereocenters; therefore, thestereoindexvector 
for each of the eight permutations will contain six elements. 
Consider the contracted permutations p2, p3, Pa, and p7 (Le., 
minus non-stereocenter vertices) which are shown below in 
shortened mapping notation 

Pi = 9 10 1 1  12 13 14 
P2 = 10 9 1 1  12 13 14 
P3 = 10 9 12 1 1  13 14 

P7 = 12 1 1  10 9 14 13 
p6 = '12 1 1  9 10 14 13 

For each of these four permutations, the stereoindex vector 
is assigned a value of +1 for elements corresponding to the 
true stereocenters 9, 10, 11, and 12. The mapping notation 
clearly reveals that permutations pz and p3 lead to an 
interchange of the equivalent neighbors 9 and 10 attached to 
para-stereocenter 13 (i.e., in p z  and p3, 9 and 10 are in 



10 

12 
13 
14 

s p 2  = 11 

9 
10 

12 
13 
14 

P,= 11 

9 1  
1 

1 
-1 

1 

1 s p J =  

9 10 11 12 13 14 
0 1 0 0 0 0  
1 0 0 0 0 0  
0 0 1 0 0 0  
0 0 0 1 0 0  
0 0 0 0 1 0  
0 0 0 0 0 1  

0 1 0 0  0 0  
1 0 0 0  0 0  

o o l o o o x l =  0 0 0 1  0 0  

0 0 0 0 - 1 0  
0 0 0 0  0 1  

The corresponding stereoindex vector S P 2  is 

1 1 
1 1 

1 
1 1 
1 -1 
1 1 

I : I  

I o  1 . 0  0 0 0 
~ 1 0 0 0 0 0  
~ 0 0 1 0 0 0  

0 0 0 1 0 0  
0 0 0 0 - 1  0 
0 0 0 0 0 1  

1 
1 

-1 
1 

s p 2  = 

Hence the signed permutation matrix Pz is 

9 
10 

12 
13 
14 

P*= 11 

The signed permutation matrix is the key to reveal 
equivalence between rows of the stereoparity matrix. Specif- 
ically, two rows of the stereoparity matrix, ri and rj, are 
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equivalent, i.e., represent the sameconfiguration, if thereexists 
a signed permutation matrix PS such that 

Pr? = rj' 
where riT and rjT are transposes of row vectors in the 
stereoparity matrix to column vectors. To illustrate, consider 
the signed permutation matrix p"z. The rows 

and 

1 1 1 1 1 - 1 1  I 

of the stereoparity matrix M that would be generated for a 
six-stereocenter compound (rows 1 and 3, respectively) are 
equivalent since the signed permutation matrix Pz converts 
the transpose of the former row vector to the transpose of the 
latter, Le., 

p"z x rlT = rjT 
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a Sequence AM 

b ! u I l k k  
1 C 
2 C 
3 C 
4 C 
5 F 
6 F 
7 F 
8 F 
9 C 
10 C 
I I  C 
12 C 
13 C 
14 C 

Neighbonng 
Brpms 

9 0 0 0  
1 0 0 0 0  
l l 0 0 0  
1 2 0 0 0  
9 0 0 0  

10 0 0 0  
I I  0 0 0  
1 2 0 0 0  
1 3 5 1 0  
13 6 2 0  
14 7 3 0  
8 1 4 4 0  

14 10 9 0 
12 13 l l  0 

d NO. I :  
1 0 0 0 0 0  
0 1 0 0 0 0  
0 0 1 0 0 0  
0 0 0 1 0 0  
0 0 0 0 1 0  
0 0 0 0 0 1  

NO. 2: 
0 1 0 0 0 0  
l 0 0 0 0 0  
0 0 1 0 0 0  
0 0 0 1 0 0  
0 0 0 0 - 1  0 
0 0 0 0 0 1  

NO. 3: 
0 l 0 0 0 0  
1 0 0 0 0 0  
0 0 0 1 0 0  
0 0 1 0 0 0  
0 0 0  0 - 1  0 
0 0 0 0 0 - 1  

NO. 4' 
1 0 0 0 0 0  
0 1 0 0 0 0  
0 0 0 1 0 0  
0 0 1 0 O i )  
0 0 0 0 1 0  
0 0 0 0 0 - 1  

f 
S T E R @ O P W  MATRIX ROW I 
***vALm STEREOISOMER*** 

I] = 1 1  I 1  1 1  

1y.p; - 1 1 1 1 - I  1 = r3 

1f.P; = I 1 I 1 -1  -1 = r4 

If.: = I I 1 1 I - I  = r2 

1f.P; = 1 1 1 1 1 1 3 r1 

1f.P: = 1 1 1 I -1 1 = I, 

1f.P; = 1 1 I I -1 -1  = T4 

1T.P; = 1 I I 1 I - I  = r2 

STEREOPARTY MATRIX ROW 5 
***VALID STEREOISOMER*** 

r 5 = 1  1 1 . 1  1 1  

= I 1 I - I  -1 I = r7 

r;.p; = I 1 - I  1 -1 - 1  = rI2 

,;.Pi = 1 1 -1 1 1 -1  = 110 

r;.P; = 1 - 1  1 1 1 1 = rl, 

1T.P; = -1 1 I I . I  1 = r35 

+P; = -1 1 I I - I  . I  = T36 

1T.p; = I .1 1 1 I -1  = r18 

VALID STEREOISOMER(S) 
E2 = I 1 1 . 1  I I =  r5 
E.2 = . I  . I  .I 1 . I  _ I  = rM 

Non-sarurenai 1.2.3.4.5.6.7,8 
b Comspnding 

1 0 0 0  Para-atcrconntcr 13,14 
1 0 0 0  Truc-rtcrcoxnler 9.10.11,12 
1 0 0 0  
1 0 0 0  
1 0 0 0  
1 0 0 0  
1 0 0 0  
1 0 0 0  
I l l 0  
I l l 0  
I l l 0  
I l l 0  
I l l 0  
1 1 1 0  

BondTw 

NO. 5: 
0 0 1 0 0 0  
0 0 0 1 0 0  
l 0 0 0 0 0  
0 l 0 0 0 0  
0 0 0 0 0 1  
0 0 0 0 1 0  

NO. 6: 
0 0 0 1 0 0  
0 0 1 0 0 0  
1 0 0 0 0 0  
0 1 0 0 0 0  
0 0  0 0 0 . 1  
0 0 0 0 1 0  

NO. 7:  
0 0 0 1 0 0  
0 0 l 0 0 0  
0 l 0 0 0 0  
1 0 0 0 0 0  
0 0 0 0 0 - 1  
0 0 0 0 - 1  0 

NO. 8. 
0 0 1 0 0 0  
0 0 0 1 0 0  
0 1 0 0 0 0  
l 0 0 0 0 0  
0 0 0 0 0 1  
0 0 0 0 - 1  0 

e E? 9 10 11 12 13 14 
I 1 1 1 1 1 1  
2 1 I l I I - I  
3 1 1 1 1 - I 1  
4 1 1 1 1 - 1 . 1  
5 1 1 1 - 1 1 1  
6 1 1 1 - 1 1 - 1  
7 I l l - 1 - 1 1  
8 1 1 I - I  -1 -1 
9 1 1 - 1 1 1 1  

10 I I -1 1 I - I  
11 1 1 - I  1 -1 1 
12 I 1 - I  1 -1 -1 
13 1 1 . I  - I  1 1 
14 1 1 - I  -1 1 -1 
15 I I - I  - I  -1 1 
16 1 1 - I  - I  -1 -1 
17 1 - 1 1 1 I l  
18 1 .1 I I 1 -1 
19 I -1 I 1 -1 1 
20 I -1  1 I - I  - I  
21 1 -1 I .I 1 I 
22 1 .I 1 -1  1 .I 
23 I -1  I - I  - I  I 
24 I -1 I -1 -1 -1 
25 1 - I  - I  I 1 1 
26 I -1  -I I 1 -1 
1 7  1 -1 . I  I -1 1 
28 I - I  - 1  I . I  . I  
29 I . I  -1 . I  1 I 
30 I - I  - I  . I  1 -1 
31 1 -1 -1 -1  . I  1 
32 1 - I  -1 . I  -1 .I 

RAZINGER ET AL. 

C 

VALID S'TEREOISOMER(S) 
D2 = 1 .I 1 -1 I I = r21 

REDUNDANT STEREOISOMER(S): 
'2d'39: '44 

S m O P A R I T Y  MATRIX ROW 22 
***VALID STEREOISOMER*** 

r22 = 1 -1 I -1 1 . I  

rT2.P; = - I  1 1 - I  -1 -1 = r 40 

&P; = -1 1 . I  1 - 1  I = r4) 

*T2.Pi = 1 -1 -1 1 I 1 = 12J 

r;2.P; = 1 -1 I -1 -1 1 = r23 

&Pi = -1 1 1 -1 1 1 = r3, 

r12.P; = -1 1 -1 1 1 . I  = r42 

&.PS( = 1 -1 -1 I -1 - I  = TZ8 

VCna 
Row 9 10 11 12 13 14 

33 - 1 1 1 1 1 1  
34 - 1 I I 1 1 - I  

- 
35 -1 I 1 1 -1 1 
36 - 1  1 1 1 -1 -1 
37 -1 1 1 - I  1 1 
38 -1  I 1 -1 1 -1 
39 -1 1 1 -1 -1 I 
40 -1 I I -1 -1 -1 
41 - I  1 -1 I 1 1 
42 -1 1 -1 1 I -1 
43 -1 I -1 1 -1 1 
44 -1 I -1 1 -1 -1 
45 .I 1 -1 -1 1 1 
46 -1  1 -1 -1 1 -1 
47 -1 1 -1 -1 -1 I 
48 - I  1 -1 -1 -1 -1  
49 - I  -1 1 1 I I 
50 -1  -1 I 1 1 .I  
5 1  -1  -1 1 1 -1 I 
52 -1  - I  1 1 -1 - 1  
53 -1 -1 1 -1 1 1 
54 - I  -1 1 -1 1 -1 
55 -1 - I  1 -1 - I  I 
56 -1 -1 1 -1 -1 -1 
57 - I  -1 -1 I 1 1 
58 -1  . I  -1  I 1 -1 
59 - I  -1 -1 I -1 1 
MI -1  . I  - I  1 - 1  - I  
61 -1 . I  - I  -1 1 1 
62 -1 -1 - 1  -1 1 -1 
63 . I  -1 -1 - I  .I 1 
64 -1 -1 - I  -1 -1 - I  

SUMMARY 

TOTAL S?EREOISOMERS 10 
CHlRAL 6 
ACHIRAL 4 

Figure 5. Stereoisomer generation in presence of para-stereocenters: (a) canonical connection table of compound I, Figure 3; (b) stereocenter 
assignments; (c) stereoindex vectors; (d) signed permutation matrices (q); (e) stereoparity matrix (M); ( f )  summary of process of matrix-vector 
multiplication. 
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result: 

pS,.rlT = 1 1 1 1 -1 1 = r3 
e.rlT = 1 1 1 1 -1 -1 = r4 
e r l T  = 1 1 1 1 1 -1 = r2 
q . r l T  = I 1 1 1 1 1 = rl 
G-rlT = 1 1 1 1 -1 1 = r3 
q . r l T  = 1 1 1 1 -1 -1 = r4 
PSg.rlT = 1 1 1 1 1 -1 = r2 

Thus, stereoparity matrix vectors r2, r3, and r4 represent 
redundancies (i.e., stereoisomers 1-4 are members of the same 
configuration equivalence class). These three vectors are no 
longer considered in the matrix multiplication step of the 
algorithmic procedure. A stepwise record of the matrix 
multiplication as output by the program is shown in Figure 
5f. 

Upon completion of the multiplication of a given row vector 
of the stereoparity matrix by all seven signed permutation 
matrices, the algorithm identifies that stereoisomer as either 
an enantiomer (E) or a diastereomer (D). In the case of rl 
(1 1 1 1 1 l) ,  its parity “mirror image” is r64 (-1 -1 -1 -1 -1 
-1). Therefore, the configurations represented by rows 1 and 
64 are said to be enantiomerically related; i.e., a pair of 
enantiomers has been generated. Note that the configuration 
represented by vector 64 is indeed different than that of vector 
1 since vector 64 is not one of the redundancies produced in 
the matrix-vector multiplication step. Since configuration 
vectors 61,62, and 63 are parity mirror images of vectors 4, 
3, and 2, respectively, they must beconfigurationally equivalent 
to 64 and as such are eliminated by the program from further 
consideration as well. 

The algorithm then proceeds to the next valid row in the 
stereoparity matrix, r5, and commences multiplication by each 
of the seven signed permutation matrices. A second enan- 
tiomeric pair is generated-configuration vector 5 and its 
mirror image, vector 60-and redundancies 7,10, 12, 17, 18, 
29, 30, 58, 5 5 ,  53, 48, 41, 36, and 35 (the latter seven being 
enantiomerically related, respectively, to the former seven) 
are identified. The process resumes with row 6 of the 
stereoparity matrix which gives rise to the third and final 
enantiomeric pair to be produced (vectors 6 and 59). 

When the next valid vector, row 13 (1 1 -1 -1 1 l) ,  is 
processed, the step in which it is multiplied by signed 
permutation matrix gives rise to vector 52 (-1 -1 1 1 -1 
-1) which is consequently deleted from further consideration. 
However, since this equivalent vector is also the parity mirror 
image of vector 13, the enantiomer of 13 will not be found in 
the search that follows completion of the vector-matrix 
multiplication step. The program considers a stereoisomer 
whose enantiomer is not found to be a diastereomer. In the 
case of compound I considered here, the diastereomer is 
actually a meso form. The remaining valid rows that are 
processed-21, 22, and 24-also give rise to diastereomers. 
Thus, a total of 10 stereoisomers-three enantiomeric pairs 
and four meso forms-are correctly predicted for the com- 
pound. 

The procedure for structures with stereocenters comprised 
of contiguously-joined, doubly-bonded carbon atoms is similar 
but not identical to that for compounds without such features. 
It is illustrated in Figure 6 for compound I1 (Figure 6a). The 
C=C unit is considered to be a single element for stereocenter 
assignment. Thus, this compound has five rather than six 
stereocenters. Atoms 9-12 are true-stereocenters, while the 
C=C unit (atoms 13 and 14) is a single para-stereocenter. 

anti-aromatic rings are designated as non-stereocenters. Non- 
aromatic, polycyclic systems are examined to distinguish atoms 
common to two or more cycles, as found, for example, in 
spiro, fused, and bridged systems. 

Next, each stereocenter is classified as either true or para 
using algorithms derived from their definitions. As expected 
from these definitions, cycle perception is an important 
component of this step.29 The assignments for the atoms of 
compound I are summarized in Figure 5b. This information 
is carried internally by augmenting the CCT. Recognition of 
the topological equivalence of atoms and groups of atoms, 
which is central to the process, is facilitated by the auto- 
morphism partitioning of the atoms. In particular, an atom- 
by-atom comparison of substituents needs to be undertaken 
only when the atoms immediately adjacent to the sites bearing 
the substituents belong to the same topological equivalence 
class. The atom-by-atom search is necessary since the 
substituents, all of whose atoms and bonds must be identical, 
may include additional stereocenters that can affect “equiv- 
alence’’. 

Generating the stereoisomers of a constitutional isomer 
cannot depend in any way on the spatial arrangements of the 
atoms since that information is not known. Thus, initially, 
symmetry considerations are limited to molecular topology. 
The most informative symmetry description at this level is 
given by the vertex automorphism group of the “chemical 
graph”. The algorithmic procedure currently implemented 
includes the following steps: 

1. All possible permutations within automor- 
phism orbits (equivalence classes) are generated. 

2. All possible interorbit combinations of orbit 
vertex permutations are obtained. 

3. Vertex permutations are transformed into 
binary permutation matrices (P,J. 

4. Permutation Pi is tested to determine if 
PiAiPi-l = Ai. Permutation Pi belongs to the 
automorphism group only if that condition is met. 

This procedure gives rise to the eight permutations of the 
automorphism group shown earlier in cycle notation. 
Stereoindex vectors (Figure 5c) are next assigned by a routine 
that uses the rules described earlier. Since atoms 1 through 
8 are non-stereocenters, they require no stereochemical 
assignment and play no role in subsequent steps of the 
procedure. Deleting them simplifies and speeds up the 
algorithm procedure. Thus, the permutation matrices are 
contracted to 6 X 6 and the stereoindex vectors contain only 
6 elements. Next, each row of each permutation matrix is 
multiplied by the corresponding element of its stereoindex 
vector to produce the set of 6 X 6 signed permutation matrices 
(Figure 5d). 

To establish the equivalency that exists among the parity 
row vectors of the computer-generated, 64 X 6 stereoparity 
matrix (Figure 5e), the column vector transpose (riT) of each 
row vector (ri) is multiplied by each of the seven significant 
signed permutation matrices (P2 - E; multiplication by the 
signed permutation matrix produces no change in any 
vector and, hence, is not executed). The product of multi- 
plication, rjT, is equivalent to riT, and therefore the corre- 
sponding row vector rj is redundant. In practice, it is not 
necessary to examine the action of each signed permutation 
matrix on each of the 64 stereoparity matrix vectors since, 
once an equivalence is established, the redundant stereoparity 
matrix vector is eliminated from further consideration. 

To begin, the first row vector (1 1 1 1 1 1) is designated 
a “valid stereoisomer”. Multiplication of its transpose (qT) 
by signed permutation matrices P; - Pi yields the following 
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9 

10 

11 

12 

l l  1 1 1 1 1 1 1 1  

1 1 1 1 1 1 1 1  

1 1 1 1 1 1 1 1  

1 1 1 1 1 1 1 1  

C 1 0 0 0 0  1 0 0 0  
C 1 1 0 0 0  1 0 0 0  
C 1 2 0 0 0  1 0 0 0  
F 9 0 0 0  1 0 0 0  
F 1 0 0 0 0  1 0 0 0  
F 1 1 0 0 0  1 0 0 0  
F 1 2 0 0 0  1 0 0 0  
C 5 1 3 1 0  1 1 1 0  
C 2 6 1 3 0  1 1  1 0  
C 3 7 1 4 0  I l l 0  
C 4 8 1 4 0  1 1  1 0  
C 1 0 9 1 4 0  1 1 2 0  
C 1 2 1 1 1 3 0  1 1 2 0  

000100 
00 1000 
100000 
010000 
000001 
00001 0 

00010 - 0 0 1 0 0  
10000 
01000 

-1 1 -1 1 -1 1 -1 I 

0 0 0 1 0  
0 0 1 0 0  
1 0 0 0 0  
0 1 0 0 0  

I 13/14 1 1 

d NO. I: NO. 5 :  e VwbR VcCrOr 
1 0 0 0 0  0 0 1 0 0  Row 9 10 11 12 13/14 Row 9 10 11 12 13/14 
0 1 0 0 0  0 0 0 1 0  1 1 1 1 1 1  17 . 1 1 1 1 1  
0 0 1 0 0  1 0 0 0 0  
0 0 0 1 0  0 1 0 0 0  
0 0 0 0 1  0 0 0 0 1  

NO. 2 
0 1 0 0 0  
1 0 0 0 0  
O O l O O  
0 0 0 1 0  
0 0  0 0 . 1  

NO. 6: 
0 0 0 1 0  
0 0 1 0 0  
1 0 0 0 0  
0 1 0 0 0  
0 0 0 0 - 1  

NO. 3: NO. 7: 
0 1 0 0 0  0 0 0 1 0  
1 0 0 0 0  0 0 1 0 0  
0 0 0 1 0  0 1 0 0 0  
0 0 1 0 0  1 0 0 1 0  
0 0 0 0 1  0 0 0 0 1  

2 1 1  1 1 - 1  18 -1 1 1 1 - 1  
3 1 1  1 - 1  1 19 -1 1 1 - I  1 
4 I 1 1 -1 -1  20 -1 I 1 -1 -1 
5 1 1 . 1  1 1  21 -1 1 -1 1 1 
6 
7 
8 
9 

10 
11 
12 

1 1 - I  I - I  
1 1 -1 -1 1 
1 1 -1 - I  - I  
1 - 1  1 1  1 
1 - I  I I -1  
1 - 1  1 -1 1 
1 - 1  1 - 1  - 1  

22 -1 1 - 1  1 - 1  
23 -1 1 -1 -1 1 
24 - 1  1 - I  -1 - I  
25 -1 -1 I 1 I 
26 - I  - I  I 1 - 1  
27 -1 -1 1 - 1  1 
28 -1 - 1  1 -1 - 1  

13 1 -1 -1 1 1 29 -1 - 1  -1 1 1 
14 1 - I  -1 1 -1 30 -1 -1 - 1  1 - 1  
15 1 - 1  -1 -1 1 31 -1 -1 -1 -1 1 
16 I - I  - I  -1 .I 32 -1 -1  - 1  - 1  -1 

NO. 4 NO. 8: 
1 0 0 0 0  0 0 1 0 0  
0 1 0 0 0  0 0 0 1 0  
0 0 0 1 0  0 1 1 0 0  
0 0 1 0 0  1 0 0 0 0  
0 0  0 0 - 1  0 0 0 0 - 1  

Figure 6. Stereoisomer generation in presence of multiatom stereocenters: (a) structure of compound II; (b) canonical connection table; (c) 
stereoindex vectors; (d) signed permutation matrices (e); (e) stereoparity matrix (M). 

The CCT (Figure 6b) differs from that of compound I only 
in the multiplicity of the bond joining atoms 13 and 14. The 
permutations of the automorphism group are identical to those 
of the previous problem (Figure 5c). The six-element 
stereoindexvectors (Figure 5d) derived from these permutation 
vectors are algorithmic precursors of the five-element stere- 
oindex vectors. Multiplication of elements 5 and 6 (elements 
for atoms 13 and 14) of each of these eight stereoindex vectors 
gives the reduced stereoindex vectors used in this problem 
(Figure 6c). Note that now there are only two distinct 
stereoindex vectors. 

The signed permutation matrices necessary in the pruning 
of the stereoparity matrix first require reduction of the normal 
6 X 6 permutation matrices to 5 X 5. The last two rows/ 
columns, corresponding to the terminal atoms of the para- 
stereocenter in each case (atoms 13 and 14), are replaced by 
a single row/column (row/column "5/6") in the permutation 
matrix. In this "new" row/column, the fifth row/column of 
the reduced matrix, only the fifth element is assigned a "1". 
This is true for all five permutation matrices since no 
permutation of the automorphism group will exchangevertices 
13 and 14 with those of the other stereocenters (9-12). 

Multiplying the mth row of each reduced permutation 
matrix by fl depending on the sign of the mth element of its 
reduced stereoindex vector produces the set of signed 5 X 5 
permutation matrices (Figure 6d). The process of generating 
the signed permutation matrices is illustrated below starting 
with the (6 X 6) permutation matrix P6 corresponding to 
permutation p6. 

p6 

1 
1 
1 
1 

-1 
1 

1 - ljl / 

Note that reduction of the permutation matrix P6 affects only 
elements corresponding to the para-stereocenter and that, in 
the process, rows/columns 5 and 6 are replaced by a single 
row/column of the form (0, 0, 0, 0, 1). 

Consistent with the above, a 32 X 5 stereoparity matrix is 
generated for compound II (Figure 6e). The process of vector- 
matrix multiplication to identify configurational equivalences 
follows that described for the previous example, with one 
important difference. In the earlier example, one parity vector 
(configuration) of the stereoparity matrix was dmignated the 
enantiomer of another if it was its exact parity inversion (e.g. 
1 1 1 1 1 1 and -1 -1 -1 -1 -1 -1). In the present case, where 
one "element" serves to represent the set of the two atoms of 
a carbon-carbon double bond, the following rule applies: one 
parity vector is the enantiomer of another if the parities of all 
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mers (four pairs of enantiomers) for compound 55 when in 
reality only four will exist under normal conditions. The four 
stereoisomers with a trans-linked, one-carbon bridge across 
the 1 and 4 positions of the six-membered ring are too strained 
to exist. 

The program correctly identifies the stereocenters in 
compounds without symmetry (&IO, 12,55,56,61,62,63) 
and recognizes 2”/2 pairs of enantiomers in each case. The 
number and kinds of stereoisomers of symmetrical acyclic 
compounds with both even (e.g., 2) and odd (e.g., 3) numbers 
of stereocenters are well-knowngo and were correctly predicted. 
As the degree of topological symmetry increases in a series 
of structurally-related compounds (e.g., 10 - 9 - 8 - 7 - 
6), the number of possible stereoisomers decreases. 

Odd- and even-membered saturated monocyclic systems 
with and without para-stereocenters (14-29) give answers 
that are “correct” at normal temperatures. Thus, compound 
16 with two true-stereocenters is predicted to exist as a pair 
of enantiomers and one meso form, consistent with observation. 
This result corresponds to that obtained by “manually” 
evaluating all possible configurations of this compound in 
which the six-membered ring is considered to be planar even 
though it is known to exist in the chair conf~rma t ion .~~  (The 
isomer designated a meso form is actually a pair of rapidly 
equilibrating (racemizing) enantiomers and, therefore, displays 
no chirality. In a very low temperature world, four stable 
stereoisomers of compound 16, each displaying chirality, could 
be isolated.) The isomeric compound 18 with two para- 
stereocenters is correctly predicted to exist as two diastere- 
omers. 

The treatment of the terminal atoms of a set of atoms joined 
together through one or more contiguous double bonds as a 
single stereocenter leads to correct answers for conjugated 
and unconjugated alkenes (with and without the presence of 
tetracoordinate carbon true- and para-stereocenters) and 
cumulenes (compounds 30-40). The program properly 
distinguishes those cumulene linkages that can induce chirality 
(even number of double bonds) and those which in of 
themselves will not (odd number of double bonds). Com- 
pounds 41-47 illustrate those with double bonds both endo 
(e.g., 44) and exo (e.g., 45) to a non-aromatic ring. Some 
possess true tetracoordinate carbon stereocenters either within 
the ring (e.g., 41, 44) or external to it (e.g., 42). One ring 
carbon atom of 45 is a para-stereocenter. 

The only chemical constraint on the stereoisomer generation 
process currently enabled allows cis-trans isomerism of a 
carbon-carbon double bond only in cycles of eight members 
and more. Thus, two diastereomers are predicted for 46, but 
only one configuration is allowed for the double bond of 44. 

The results for fused ring systems (48-52) are consistent 
with theory. The program predicts two diastereomers for 
decalin (48) as expected at normal temperatures. As indicated 
earlier, currently the program does not recognize the strain 
introduced by a tram-linked short bridge (53-56) and predicts 
too high a number of stereoisomers for such compounds. 
Substituted spiranes are correctly perceived (58-60). 

Most naturally occurring compounds (e.g., 61-63) have no 
or very low symmetry, and the process is largely one of detecting 
stereocenters, of which there can be many. Compound 61 
gives rise to 128 pairs of enantiomers, some of which will be 
unstable due to strain in their fused rings. These of course 
cannot be eliminated solely on the application of symmetry 
considerations. 

“single atom” stereocenters are inverted, but all “two-atom” 
stereocenters have the same parity. 

To illustrate, multiplication of the transpose of row vector 
rl(1 1 1 1 1) by each of the seven signed permutation matrices 
identifies only parity vector r2 as equivalent in configuration 
to rl.  The algorithm next selects parity vector r31 (-1 -1 -1 
-1 1) as enantiomeric to vector rl.  Parity vector r2 and its 
enantiomer r32 are eliminated from further consideration. 
Parity vectors r3 and r29 are next identified as a second 
enantiomeric pair, and the remaining “surviving” vectors 7, 
1 1 ,  and 12 are identified as diastereomers since their 
“enantiomers” (vectors 20, 21, and 25, respectively) are 
generated by multiplication by the signed permutation 
matrices. Thus, the program correctly predicts seven 
stereoisomers-two pairs of enantiomers and three meso 
forms-for this compound. 

Compounds with stereocenters consisting of more than two, 
contiguously-joined, doubly-bonded carbon atoms (i.e., cu- 
mulenes) are treated similarly. The stereoindex vector value 
of the stereocenter is the product of the values of is terminal 
atoms; intervening atoms (non-stereocenters) are dropped from 
consideration. The permutation matrices are likewise reduced 
such that only the terminal atoms are represented in the matrix, 
and by a single row/column. That row/column will be the 
same in all permutation matrices unless there is a topologically 
equivalent multiple bond unit in the structure with which 
“exchange” occurs in the automorphism group. 

The rule for identifying an enantiomeric relationship 
between two stereoparity vectors varies with the number of 
double bonds in the cumulene unit. For an odd number of 
double bonds (e.g., compound 32, Figure 7), the rule is the 
same as that for a single carbon+arbon double bond (Figure 
6). For an euen number of double bonds (e.g., compound 31, 
Figure 7), the rule is the same as that for a single atom 
stereocenter (Figure 5 ) .  Thus, although the two stereoparity 
vectors surviving the matrix multiplication step are exactly 
the same for compound 1,30,31,32, and 33 (+1 for one, -1 
for the other), the program correctly distinguishes enantiomeric 
and diastereomeric relationships because of this rule. 

RESULTS AND D I S C U S S I O N  

The program for exhaustive, irredundant stereoisomer 
generation was tested extensively with a broad spectrum of 
structure classes, each of whose stereoisomerism can be related 
to the presence of stereocenters that can be identified from 
the 2.0-D connection table. Compound types without such 
stereocenters can still exhibit stereoisomerism, e.g., biphenyls 
(astropisomers), helical structures, catenanes, and 
but these would not be so identified by the program at this 
time. 

The 69 compounds against which the program was tested 
are shown in Figure 7. The number and kinds of stereoisomers 
generated by the program for each one are summarized in 
Table I. The chiral stereoisomers exist as pairs of enantiomers; 
e.g., the eight stereoisomers of compound 4 are related as four 
pairs of enantiomers. If there is more than one achiral 
stereoisomer of any given compound, they are related as 
diastereomers of one another. Achiral stereoisomers are meso 
forms if at least two of the stereoisomers of the compound are 
chiral; otherwise, they are designated as diastereomers. Thus, 
compound 3 exists as six pairs of enantiomers and four meso 
forms; compounds 22 and 35 exist as 4 and 3 diastereomers, 
respectively, each of which is commonly referred to as a 
geometric or cis-trans isomer. 

Currently, the program does not identify strained, unstable 
stereoisomers. Thus, the program identifies eight stereoiso- 
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Figure 7. Test compounds. 

Finally, a group of structures with very high symmetry 
were considered. Structures such as tetrahedrane (as), cubane 
(66), twistane (67), adamantane (68) and inositol (69) are 
commonly cited examples. The program provides correct 
results in each case. 
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STEREOISOMER ENUMERATION 

Combinatorial methods based on P6lya’s theorem” can be 
used to enumerate stereoisomers in some cases.9.31-33 For 
this purpose the cycle index of the automorphism group 



STEREOISOMER GENERATION IN STRUCTURE ELUCIDATION J.  Chem. Znf. Comput. Sci., Vol. 33, No. 6, 1993 823 

Table I. Number and Kinds of Stereoisomers of Compounds in 
Figure 7 

no. of no. of 
stereoisomers structure stereoisomers 

no. total chiralo achiralb no. total chiral’ achiralb 
1 
2 
3 
4 
5 
6 
I 
8 
9 

10 
11 
12 
13 

14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
21 
28 
29 

30 
31 
32 
33 
34 
35 
36 
31 
38 
39 
40 

2 
20 
16 
8 
4 
5 
8 

10 
16 
32 
10 
32 
10 

3 
4 
3 
3 
2 
4 

10 
16 
4 
5 

10 
39 
20 

4 
2 
4 

2 
2 
2 
2 
4 
3 
6 
6 
I 
I 
I 

2 
16 
12 
8 
4 
4 
8 

10 
16 
32 
10 
32 
6 

2 
2 
2 
2 
0 
2 
8 

12 
0 
0 
8 

32 
12 
4 
0 
2 

0 
2 
0 
2 
2 
0 
4 
4 
4 
6 
4 

0 
4 
4 
0 
0 
1 
0 
0 
0 
0 
0 
0 
4 

1 
2 
1 
1 
2 
2 
2 
4 
4 
5 
2 
1 
8 
0 
2 
2 

2 
0 
2 
0 
2 
3 
2 
2 
3 
1 
3 

41 
42 
43 
44 
45 
46 
41 

48 
49 
50 
51 
52 
53 
54 
5 5  
56 
51 

58 
59 
60 

61 
62 
63 
64 

65 
66 
61 
68 
69 

3 
I 
4 
3 
2 
2 
6 

2 
8 
3 

10 
5 
2 
2 
8 

16 
10 

2 
1 

20 

256 
2 
2 
3 

3 
14 
1 
3 
9 

2 
4 
4 
2 
2 
0 
6 

0 
8 
2 
8 
2 
0 
0 
8 

16 
8 

2 
6 

20 

256 
2 
2 
2 

0 
0 
4 
0 
2 

1 
3 
0 
1 
0 
2 
0 

2 
0 
1 
2 
3 
2 
2 
0 
0 
2 

0 
1 
0 

0 
0 
0 
1 

3 
14 
3 
3 
7 

a Exist as pairs of enantiomers. * All achiral stereoisomers are 
diastereomers of one another. 

associated with the structure is needed. The cycle index PG 
of an automorphism group G is defined as 

1 
P, = -CX~X$. .X)  

IGlg€G 

if a typical g E G  generates bl cycles of length 1, b2 cycles of 
length 2, ..., bn cycles of length n upon its action on the true- 
stereocenters of the topological structure. For example, if 
there are four true-stereocenters and the action of a g E G  
permutes these centers as (12)(34), then the cycle represen- 
tation is x:. All such cycle representations are collected and 
divided by the number of elements in the group to obtain the 
cycle index. 

P6lya’s theorem provides a method to enumerate the 
stereoisomers once the cycle index is constructed. Since each 
true-stereocenter gives rise to two possible configurations, the 
total number of stereoisomers (Z) is given by P6lya’s theorem 
as 

I = PG(X, - 2) 

where the arrow stands for replacing every Xk by 2 since there 
are two possible configurations for each true-stereocenter in 
the structure. 

The theorem can now be applied to enumerate the 
stereoisomers for some of the classes of structures considered 
in this investigation. For an unbranched chain containing n 
true-stereocenters, the cycle indices are given by the following 
expressions depending on whether n is odd (P,) or even 
(PC). 

P; = ‘/2[Xln + .p21 
Hence the stereoisomer counts for compounds with an odd 
and even number of unbranched chains containing n true- 
stereocenters (Io and IC, respectively) are given by 

I“ = ‘f2[2” + y/21 = 2“’ + 2(“2)/2 

Consider compound 6 (Figure 7 ) .  The cycle index of the 
tetrahedral point group (Td) or the automorphism group of 
compound 6 is given by 

P, = ‘/24[x14 + 8~1x3 + 3 ~ :  + 6 ~ 1 ~ x 2  + 6x41 

Hence the stereoisomer count Z is 

I = 1/24[24 + 8.2.2 + 3.22 + 6.22.2 + 6.21 

This result agrees with that reported by the program (Table 
I). The same was found to be true for compounds 7 and 8 
as well. 

This technique is rigorous for cases which contain only true- 
stereocenters. In the presence of para-stereocenters, the direct 
application of P6lya’s theorem, with n equal to the number 
of all stereocenters (true plus para), usually predicts too many 
stereoisomers. However, this can be rectified in some cases 
by making a correction to isomers which are “interconverted” 
by certain symmetry operations, e.g., those operations that 
invert a ring substituent from above the “plane” of the ring 
to below. This is illustrated with inositol (69). The ordinary 
cycle index of structure 69 is 

= 120124 = 5 

PG = ‘/12[Xl6 + 2x6 + 2x32 + 4x,3 + 3Xl2x,2] 

The stereoisomer count, assuming all stereocenters to be true, 
is given by 

I = 1/12[26 + 2.2 + 2.22 + 4.23 + 3.24] = 13 

However, for inositol, considering a planar ring, there are six 
C2 operations that exchange the positions of the substituents 
on the six para-stereocenters, among which three involve an 
odd number of exchanges. Modifying the cycle index 
accordingly leads to a correct stereoisomer count of nine. 

1/12[26 + 2.2 + 2.22 + 23 - 3.23 + 3.24] = 9 

2.5-D CONFIGURATIONAL REPRESENTATION 
Program output is the set of stereoisomers in which a given 

constitutional isomer may exist. Each stereoisomer has an 
assigned stereoparity vector and therefore can be conveniently 
expressed as a connection table which is augmented at each 
stereocenter site by its corresponding stereoparity vector 
element. The stereoparity vector itself can be considered as 
a 2.5-D representation of that particular configuration. 
However, although this is a simple and straightforward 
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expression of configuration, it is not commonly used. The 
Cahn-Ingold-Prelog (CIP) descript0r,3~ which can be readily 
related to a 3.0-D representation by chemists themselvesusing 
a set of published rules, is the accepted standard. The 
augmented CCT is indeed convenient for the storage and 
manipulation of stereochemically defined structures, e.g., for 
direct computer conversion to 3.0-D representations using 
model-building software, but a generally applicable 2.5-D 
configuration must also be readily reducible to a 3.0-D 
representation by the chemist, just as in the CIP system. Since 
the latter system is well-known, one approach would be to 
convert the stereoparity vector to a CIP descriptor. In fact, 
in compounds with only true-stereocenters, e.g., compounds 
2, 36, and 61 of Figure 7, a simple relationship is workable: 
parity values of +1 and -1 can be assigned CIP descriptors 
R and S (or Z and E) ,  respectively. However, no simple 
relationship exists in the case of compounds containing para- 
stereocenters. The lack of a straightforward connection 
between the stereoparity vector and the CIP descriptor is not 
surprising as the former is a symmetry-based concept and the 
latter derives from a set of sequence rules dependent in part 
on the property of atomic number. (In fact, the CIP system 
itself is not inviolate. Prelog proposed modifications in 1982,34 
and later, some additional deficiencies were noted35.36 which 
suggest the need to revisit the sequence rules once again.) 

A convenient procedure has been developed for the ex- 
pression of the stereoparity vector as a 3.0-D representation 
which is similar to, but actually simpler than, that used by the 
chemist in the CIP system. In this approach, the rather 
elaborate set of sequence rules used in assigning CIP group 
priority is replaced by a single, simple priority-ordering rule 
based on the canonical numbering of the atoms, information 
that is found in the CCT, a component of the output. That 
rule, which in contrast to the CIP system only requires an 
examination of atoms joined directly to stereocenters, is as 
follows: The ranking of atoms contiguous to a stereocenter 
decreases as their canonical sequence numbers increase; i.e., 
that atom with the smallest canonical sequence number is 
assigned the highest priority (corresponding to the group 
assigned an “an in the CIP system). Hydrogen atoms, which 
are implicitly, not explicitly, defined in the CCT, are always 
assigned the lowest priority. 

The next step in the process again parallels that of the CIP 
system. For a tetracoordinate carbon stereocenter, either true 
or para, the eye, the stereocenter, and the atom of lowest 
priority, in that order, are aligned along the viewing axis. A 
parity of +1 requires the priorities of the remaining three 
atoms attached to the stereocenter (which now occupy a plane 
perpendicular to theviewing axis) to decrease in the clockwise 
sense; a parity of -1 requires a decrease in priority in the 
counterclockwise sense. In the case of a carbon-carbon double 
bond as the stereocenter, a parity of + I  requires a cis 
relationship between atoms of highest priority and a parity of 
-1,  a trans relationship between those atoms. 

Application of the proposed system is illustrated in Figure 
8. The canonical numbering of atoms for these compounds 
is taken directly from their CCTs. Program output for the 
simple compound in Figure 8a-the four, two-element ste- 
reoparity vectors shown-correctly reveals two pairs of 
enantiomers. The stereoparity-based 2.5-D config- 
urations-which could be written, as, for example, [2( l), 3(- 
1)]- 1,2-dichloro- 1-propanethiol (Le., enantiomer Ez)-are 
readily converted to the 3.0-D representations shown using 
the procedure described above. The absence of correspondence 
between the stereoparity-based 2.5-D configuration and that 
assigned by the CIP system is illustrated by enantiomer Ez. 
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Figure 8. Conversion of stereoparity vectors to conventional 3-D 
structural Representations: (a) compound with true-stereocenters 
only; (b) compound with true- and para-stereocenters; (c) compound 
with para-stereoccnters only. 

In the former system, the two stereocenters have opposite 
“configurational assignments” (+l,  -1); in the latter system 
they are the same (R,R). In either system, the corresponding 
stereocenters of two stereoisomers related as enantiomers will 
have opposite configuration designations; e.g., E2 and E-2 are 
(+l, -l)/(R,R) and (-1, +l)/(S,S), respectively. 

The procedure described above is completely general. It 
is applicable to compounds containing both true- and para- 
stereocenters (Figure 8b) and those with only para-stereo- 
centers (Figures 8c). Figure 8b shows only the spatial 
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arrangement of atoms about the para-stereocenters in enan- 
tiomers E2 and E-2 of compound I used earlier to describe the 
process of stereoisomer generation. Figure 8c displays the 
four possible stereoisomers (diastereomers) of compound 22 
(Figure 7) in dashed-wedged line drawings. 

CONCLUSIONS 

A generally applicable, computer-executable procedure has 
been described for the exhaustive and irredundant generation 
of the stereoisomers of a compound of given topological 
structure. Although no proof of the universality of the 
algorithm or its computer implementation can be offered at 
this time, the absence of a single incorrect prediction among 
a wide range of structure types (Figure 7) suggests the 
effectiveness of the program. At the present time, the program 
contains little intelligence to exclude stereoisomers which are 
too structurally strained to exist under normal conditions of 
pressure and temperature. Such refinements will be added. 

The program is currently running on a DEC VaxStation 
3500. Although most of the structures shown in Figure 7 lead 
to answers in seconds of CPU time, some of those of very high 
symmetry (e.g., 25 and 69) can currently take considerably 
longer because of the inefficiency of the algorithm now being 
used in the construction of the automorphism group. A more 
efficient procedure is being developed to replace it. 

Although the procedure described for "visualization" by 
the chemist of stereoparity vector-based 2.5-D configuration 
is simple, this designation is not to be viewed as a substitute 
for the CIP system. In contrast to the CIP system, its 
utilization requires a canonically numbered structure which 
is not conveniently derived without computer assistance. 
However, it does offer the advantage of simplicity of the 
priority-ordering sequence rule. 
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