Linear Algebra Massoud Malek

Jordan Canonical Form

Jordan normal form or Jordan canonical form (named in honor of Camille Jordan) shows
that by changing the basis, a given square matrix M can be transformed into a certain

normal form

J 0 ... 0

0 Jo ... 0
J: . . . . 9

0 ... 0 J,

where each block J; is a square matrix of the form

N1 0 0
J = 0 X 0
o . .. 1
0 0 0 i

Note that A, s are the repeated eigenvalues of M.

1. Given an eigenvalue \; of an n x n matrix M, its geometric multiplicity is the di-
mension of Ker(M — \;1,), and it is the number of Jordan blocks corresponding to
A

2. The sum of the sizes of all Jordan blocks corresponding to an eigenvalue ); is its
algebraic multiplicity.

3. M is diagonalizable if and only if, for any eigenvalue A of M, its geometric and
algebraic multiplicities coincide.

A non diagonalizable matrix is sometimes called a defective matriz.

To obtain a Jordan normal form of an nxn diagonalizable matrix M, we use n linearly

independent eigenvectors to construct a matrix P, where the diagonal matrix
P IMP = J(M)

will be the Jordan normal form.
Next we shall discuss the case of defective matrices.

If X is an eigenvalue of a defective n x n matrix A with an algebraic multiplicity
greater than one and a geometric multiplicity less than its algebraic multiplicity, then

any nonzero vector v satisfying:
M- ALJ*v=6  for k=23, ...

is called a generalized eigenvector.

California State University, East Bay



Linear Algebra Jordan Canonical Form Page 2

To construct the Jordan canonical form of M, we form a sequence of generalized

eigenvectors that satisfy:
M- ALvi=u, M-AL,va=vy, [M-AL|vz=vgy, -

The eigenvectors and generalized eigenvectors of M form the columns of the invertible

matrix P which gives us the Jordan normal form J(M).

Suppose the geometric multiplicity of A is m and its algebraic multiplicity is larger
than m. First, we need to find

Mu; = Auy, Muz = Adug, -+ --- , Muy, = A\uy,;

then we obtain v;;’s, the generalized eigenvectors produced by u;’s. The matrix P will be

formed as follows:
P= [u1 Vi1 V12 ... Viyr U2 V271 V22 ... Vog U3 ... ]

If we are unable to produce generalized eigenvectors with w;’s, then we need to find other
linearly independent eigenvectors.

& Repeated Eigenvalues. Consider the following 4 x 4 matrices:

—30 —12 19 27 12 -6 9 13
~10 1 5 8 -1 4 0 1
A=l 6 2 7 5| B=\_ -2 7 5|
—43 —15 24 38 ~16 -6 9 17
—25 —10 16 23 7 —4 6 9
20 -3 11 16 ~11 0 6 9
C=l_11 -4 10 of ™ P=1_11 4 10 9
—38 —13 21 34 11 -4 6 13

with the characteristic polynomials:
Ka(\) =Kg(\) = Kc(A) = Kp(A\) = A* — 16)3 + 96)\2 — 256\ + 256 = (\ — 4)%.

Thus AM=X=A3=X\=4.

Case 1. The geometric multiplicity of the matrix A is one, so there is only one Jordan
block.

-34 -12 19 27
-10 -3 5 8
—6 -2 3 5
—43 —15 24 34 1
which is the solution of the homogeneous system Au = 6 is the only linearly independent

1
The rank of the matrix A = A — 4, = is 3, so the vector u(4) = 1

eigenvector of A.

The vectors

-1 3 0
—2 9 —16
v(A) = 5> w(A) = EE and z(A) = o7
0 0 12
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are the generalized eigenvectors of A, obtain by solving
Av=u(A), Aw=uv(4), and Az=w(A) respectively.

By constructing the matrix

1 -1 3 0
P = [u(A) v(A) w(A) z(A)] = } :; 191 :;g
1 0 0 12

—60 —-24 36 49
—-43 —-15 24 34
6 3 -4 =5’
) 2 -3 —4

with Pl =

we obtain the Jordan canonical form of A as follows:

41 0 0
i, [0 4 10
JA)=PAP=| o 4
0 0 0 4

Case 2a. The geometric multiplicity of the matrix B is two, so there are two blocks in
the Jordan normal matrix. Since the rank of the matrix

-16 -6 9 13

= -1 0 0 1

B=B-dli=| 5 5 3 ;3

~16 -6 9 13

is 2, the vectors

1 0

1 3

Ul(B) = 1 and UQ(B) = 9

1 0

which are the solution of the homogeneous system Bu = ¢ are linearly independent eigen-
vectors of B. To obtain the Jordan normal form of B, we need to obtain two generalized

eigenvectors of B by solving the systems Bv = u;(B) and Bv = uy(B). The generalized
eigenvectors are

-1 -2

1 0

Ul(B) = 1 and ’UQ(B) = _5
0 1

The Jordan normal form of B is obtain from the matrix

1 -1 0 -2
1 1 3 0
Q= [Ul(B) vl(B) UQ(B) UQ(B)] = 1 -1 2 =5
1 0 0 1
-5 =2 3 5
with Q_l _ —16 —6 9 13

7 3 -4 -6
5 2 -3 -4
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0
0

E

We have

J(B) = Q7'BQ =

O O O =
== O O

O O =~

Case 2b. The geometric multiplicity of the matrix C is also two, so there are two blocks
in the Jordan normal form. Since the rank of the matrix
-29 —-10 16 23

~ -20 -7 11 16
C=C—dL=| ;1 4 6 o
—38— 13 21 30
is 2, the vectors
1 0
w@=1]| and w@=| 2
1 2

are linearly independent eigenvectors of C. By solving the system Cv = u;(C), we obtain

two linearly independent generalized eigenvectors

1 1

-3 0

Ull(C) = 0 and ’Ulg(B) = 1
0 2

but the vectors u;(C), ua(C), v11(C) and vi2(C) are linearly dependent; so we should use

one of the two options:
1. Remove one of the generalized eigenvectors and solve the system Cuv = u,(C).

2. Solve either Cw = v1(C) or Cw = v15(C).

The system Cv = uy(C) is inconsistent, so we use the second option. The system

—2
Cw = v11(C) is also inconsistent, but Cw = v15(C) has the vector wi»(C) = (8; as a
1
solution. Now by choosing u;(C), uz(C), v12(C) and wi2(C), we may construct the matrix
1 1 -2 0
1 0 8 3
R=[un(C) vi2(C) wi2(C) w2(O) = | | -,
1 2 1 2

3 1 -1 —2
-20 -7 11 16
-9 -3 5 7
23 8 —13 -18

with R =
The Jordan canonical form of C is as follows:

4 1 0
0 4 1
JC)=R'CR=| ¢ ¢ 4
0 0 0

- lo oo
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-1 -4 6 9
Case 3. The rank of the matrix D = D — 41, = :ﬁ :i g 3 is one, so there are three
-1 -4 6 9
blocks in the Jordan normal form. The three linearly independent eigenvectors of D are
as follows:
1 0 0
1 3 0
ul(D) = 1| UQ(D) = HE and U3(D) = 3
1 0 -2
0
The generalized eigenvector v, (D) = _1 is a solution of the system Dv = u,(D).
—1
0 0 1
Note that the eigenvectors ‘;’ , g , and é are linearly independent but
0 -2 3

do not produce any generalized eigenvector since all the rows of D are identical but

components of these three vectors are not all equal. The matrix

1 0 0 O
1 -1 3 0
1 -1 0 -2
1 0 0 0
4 -1 -4 6 9 .
St = 4 -1 9 3 with
6 2 -3 -5
will produce the Jordan normal form as follows:
‘4 1 ‘ 0 0
_ 0 410 0
_g-lpg_
JD)=5"DS=| 1 | |
0 0 0 4
Remark 1. The following vectors
1 0 0
4 3 0
D)= 4|, w@=|, |, andus(D)=|
1 0 -2

are also linearly independent eigenvectors of the matrix D; but none of them could
produce a generalized eigenvector v which is needed to obtain .J(D). Since D? is the zero
matrix, it follows that any vector is a generalized eigenvector of D; for example the first
three columns of the invertible matrix

I
O WO

w o O
_ o oo

|
)
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are the eigenvectors of D, and the forth column is a generalized eigenvector in the gen-
eralized sense. Unfortunately

40 0 9
s |0 4 0 -9
T"DT=14 o0 4 0

00 0 4

is not the Jordan canonical form of D. In this case, we need to go back to our eigenvectors
and choose the ones that will produce a Jordan canonical form.

Example. Consider the matrix

T 4 3 =7
3 5 2 =5
M= 1 0 2 0
5 4 3 =5

with the characteristic polynomial
Kyr(\) = X1 —9X\3 +290% — 39\ + 18.

The eigenvalues are \; = 1, Ay = 2,, and A3 = \, = 3. with the corresponding eigenvectors:

1 0 1
. _ ! and  ug—us— |
uy 1| Uz = 1] Uz = Ugqg = 1
1 1 1
0
The equation (M — 3 1,)v = ug produces the generalized eigenvector vz = _11 . Thus we
0
have
1 0 1 0 -1 -1 1 2
I R : 4 (1 0o 0o 1
P=|_y 1 | with Poi=1 oy o
1 1 1 0 2 2 1 -3
Hence the Jordan canonical form J(M) of M is obtained as follows:
-1 -1 1 2 7T 4 3 -7 1 0 1 0
1 . 1 0 O 1 3 5 2 =5 1 1 0 1
pMP= 2 1 1 2) (1 0 2 0 -1 1 1 -1
2 2 1 -3 5 4 3 =5 1 1 1 0
1 0 0 0
0 2 0 O
=lo 0 3 1|~/
0 0 0 4

& System of Linear Differential Equations. Consider the system

X'(t)=AX(t) with P 'AP = J(A).
Let X(t) = PY(t), then X'(t) = PY(t), P7'X(t) =Y (t), and P71X'(t) = Y('t). We have:
Y'(t) = P7'X'(t) = PT'AX'(t) = PTYAPY (t) = J(A) Y (t).
Thus by solving Y'(t) = J(A)Y(t), we may obtain the solution of the original system as
follows:

X'(t)=PY'(t)=P[J(A)Y ()] = P[P 'APY(t)] =[PP '|APY(t) = A[PY(t)| = AX(t).
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