Numerical Analysis Massoud Malek

Direct Factorization of Matrices

We discuss the factoring of a square matrix A in terms of a lower-triangular matrix
L and an upper-triangular matrix U. It is known that this factorization exists whenever
the linear system Azr = b can be solved uniquely by Gaussian elimination without row
interchanges. The system LUz = Az = b can then be transformed into the system

Uxr = L~'b and, since U is upper triangular, backward substitution can be applied.

& Doolittle’s Decomposition. This method allows us to factor a square matrix A into LU,

where L is a lower-triangular matrix with ones on the main diagonal and U an upper-

triangular matrix with nonzero diagonal entries.
ALGORITHM.

Input a square matrix A.

n = size(A); m =n(1); ( Find the size of A.)

U = zeros(m); ( Define U as an m x m zero matrix.)

L = eye(m); ( Define L as an m x m identity matrix.)

U,1:m) = A(1,1:m), L(2:m,1) = (1/U(1,1)) % A2 :m, 1)

for k=2:m
for j=k:m, Ulk,j)=A(k,j) — Lk, 1:k—=1)«U(1:k—1,j); end; U
fori=k+1:m, L(i,k) = (A(i,k) — L(i,1 : k)« U(1 : k, k))/U(k,k); end; L

end
1 2 3 4 A(1,1:4)
. |2 3 4 5| |A@1:9)| . .
Example. Consider the matrix A = 56 8 8|~ |AB1:4)| " [A(i,7)]
1 3 6 5 A(4,1:4)
First, we initialize U and L.
0 0 0 O 1 0 0 O
0 0 0 O 0 1 0 O
U= 0 0 0 O L= 0 0 1 O
0 0 0 O 0 0 0 1
The first row of U is : U(1,1:4) = A(1,1:4).
The first column of L is : L(2:4,1) = (1/U(1,1)) * A(2: 4,1)
1 2 3 4 1 0 0 O
0 0 0 O 2 1 0 O
U= 0 0 0 O L= 5 0 1 0
0 0 0 O 1 0 0 1

The second row of U is : for j=2:4, U(2,5) = A(2,j) — L(2,1: 1)« U(1: 1,5); end.
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The second column of Lis: fori=3:4, L(i,2) = (A(i,2)—L(i,1: 2)xU(1: 2,2))/U(2,2); end.

1 2 3 4 10 0 0
0 -1 -2 -3 2 1 0 0
U= 0 O 0 0 L= 5 4 1 0
0 0 0 0 1 -1 0 1

The third row of U is : for j=3:4, U(3,5) = A(3,j) — L(3,1:2) xU(1:2,5); end.
The third column of L is: fori=3:4, L(i,3) = (A(i,3)—L(i,1: 3)xU(1 : 3,3))/U(3,3): end.

1 2 3 4 10 0 0
0o -1 -2 =3 2 1 0 0
U= 0 O 1 0 L= 5 4 1 0
0 O 0 0 1 -1 1 1

The last row of U is : for j=4:4, U(4,j) = A(4,j) — L(4,1:3) xU(1: 3,5); end.
The last column of L is: fori=4:4, L(i,4) = (A(i,4) — L(i,1: 4)* U(1 : 4,4))/U(4,4); end.

1 2 3 4 1 0 0 O
0o -1 -2 =3 2 1 00
U= 0 O 1 0 L= 5 4 1 0
0 0 0 -2 1 -1 1 1
1 1 1
Remark: Consider the matrix A= 1 1 2| and the linear system Az = b. The
1 2 1

augmented matrix is

By using the Gaussian elimination, we obtain:
11 1 | b
0 0 1 | by—b
01 0 | by—b

At this point we must interchange the second and third row. Now suppose 4 = L x U,

then
1 1 1 1 0 0 U] U2 U3
A= 1 1 2 = 121 1 0 0 U292 U23 .
1 2 1 131 l32 1 0 0 uss
We have upp =ug =uz =1, log =133 =1;

then uyy, = 0, which makes
2:a32:lglu12+l32u22:1 X 1—|—132 x0=1

a contradiction. Thus A may not be expressed as a product of a lower triangular matrix

L and an upper triangular matrix U.

California State University, East Bay



Numerical Analysis Direct Factorization of Matrices Page 3

& Choleski’s Decomposition. If A4 is a positive definite symmetric matrix , then 4 has a

factorization of the form LL!, where L is a lower-triangular matrix. This factorization is
known as the Choleski’s decomposition method.

Consider the positive definite symmetric matrix

a1 [0 QA1p
a21 A22 i
A =
an1 (0708 R Ann
Then let
0 0 correieiinnn, 0 N
1
N a1 O %2 o
A= a3 as = . | =[A1, A A
anl An2 o Gpn—1 0

In order to express A = LL!, we define the diagonal matrix

din 0 oo 0
0 dy2 O
D= 0
0
0 e Ao
and the lower triangular matrix
0 0 e 0 N
- N B ) 2 — .
L=1 1l I o= L | = Es Ly Ll
N T I
lnl ln2 e lnn—l 0

Then we use the following procedure:

Step ]--dll = 4/a11 and E = dizzlil .
11

e an- DD
Step 2.dys = \/age — L2L? and I = GQT, where i=3,4,---,n.
22

: / - ~  ay - L' o
StepJ djj: (ij—LJLJ and lij:ajdi, where t=7+1754+2,---,n.
JJ

Finally, dp, = \/any, — L"L" .

The lower triangular matrix L = L + D is the desired matrix.
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ALGORITHM.

Input a positive definite symmetric matrix A.

n = size(A); m=n(1); % Find the size of A.

D = zeros(m); % Define the diagonal matrix D as an m x m zero matrix.

L = zeros(m); % Define L as an m x m zero matrix.

D(1,1) = sqrt(A(1,1)), L(2:m,1) = (1/D(1,1)) * A(2:m,1)

fork=2:m
for j=k:m, D(k,k)=sqrt(A(k, k) — L(k,1:k)* L(k,1:k)%); end, D
fori=k+1:m, L(i,k) = (A(i,k) — L(i,1: k) « L(k,1: k)")/D(k,k); end; L

end
D(m,m) = sqrt(A(m,m) — L(m,1 :m) x L(m,1: m)")
L=L+D
9 3 3 B 0 0 0
EXAMPLE 1. Let A=(3 5 -1].Then A={3 0 0].
3 -1 18 3 =1 0

0 0
1) di1=vV9=3and Elz1/3( ):(1) . So,
3 1

2= (1,0,0) and L= (1,532»0) .

2 ) da2=+/5—(1,0,0).(1,0,0) = 2, Izo = [~1 — (1,0,0).(1,I32,0)] = —1. So,

0
L?=(1,-1,0) and L,= ( 0 )

-1

3 ) Finally, ds3 =+/18 — (1,—1,0).(1,-1,0) = v/16 =4 . Thus

- 0 0 0 3.0 0
L=L+D=[1 0 of|+[0 2 of=
1 -1 0 0 0 4

—
— = o
I[\DO
—_

= O O
v

1 2 3 4 A(1,1:4)
|2 13 18 23| |A@1:4)]| ..
A=13 15 50 6 |~ A(3,1:4) = A 7))
4 23 62 126 A(4,1:4)
We initialize D and L.
0 0 0 0 00 0 0
0 0 0 0 ~ o 0 o0 0
P=10 0 0 o0 =10 0 0 o
00 0 0 00 0 0
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The first diagonal entry of D is : D(1,1) = \/A(1,1).
The first column of L is : L(2:4,1) = (1/D(1,1)) x A(2: 4,1)

1 0 0 O 0 0 0 O
0 0 0 0 = 2 0 0 O
b= 0 0 0 0 L= 3 0 0 0
0 0 0 0 4 0 0 O

The second diagonal entry of D is : D(2,2) A(2,2) — L(2,1: 1)« L(2,1 : 1)t.
The second column of L is: fori=3:4, L(i,2) = (A(i,2)—L(i,1 : 2)xL(2,1: 2))/D(2,2); end.

1 0 0 O 0 0 0 O
0 3 0 0 = 2 0 0 O
b= 0 0 0 0 L= 34 0 0
0 0 0 0 4 5 0 O

The third diagonal entry of D is : D(3,3) = \/A(S, 3)— L(3,1:2) % L(3,1: 2)t). The third
column of L is: for i =3:4, L(i,3) = (A(i,3) — L(i,1 : 3) % L(3,1 : 3))/D(3,3); end.

1 0 0 0 0 0 0 O
0 3 0 0 =~ 2 0 0 O
b= 0 0 5 0 L= 3 4 0 0
0 0 0 0 4 5 6 0

The last diagonal entry of D is : D(4,4) = \/A(474) — L(4,1:3) % L(4,1: 3)t.

SO O
OO W o
o ot o O
N o O O

The matrix L =D+ L =

o O wo
o oo O
Tl O O
oSO OO
o O oo
Tk W O
oot Oo O
N o OO

1
2
3
4

S o o
~N O O O
+
= W N O

Remark: All the principal sub-matrices of a positive definite matrix must be invertible.
1 1 1

Consider the symmetric matrix A = (1 1 2) with det(A) = —1. A has at least one
1 2 1

non-invertible principal sub-matrix G i) which makes A non-positive definite. Now

suppose A = L« L*, then

1 1 1 liiy 0 0 i lar s
A= 1 1 2 = lo1 oo 0 0 log 3o | .
1 2 1 l31 3o 33 0 0 l33

We have li11 =11 =131 =1, lor =131 =1, and loo =0

which makes det(4) = 0, a contradiction.
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& Inverse of Bidiagonal Matrices. Consider a n x n non singular lower-triangular matrix A

where all the diagonals are zero, except the main diagonal D, and the L diagonal below

that. The following algorithm explains how the inverse of A is obtained.

We explain the method using an example:

Example. Consider the matrix

0o -3 -1
0 0 -5

o

w

o
=~ o O O

If B=(b;;) = A7', then we have:

1 1 1 1 1 1 1
bii=(—1)0—— == byy= (=10 = = bgg= (10— = 1, by4=(—1)0— ==
1,1 =(—1) PR 2,2 = (—1) s 3 33 = (—1) a5 , baa=(-1) a4
as 1 1 1 G32 1 043 5
bog=(-1)'——— ==, byo=(-1)'——=—1 byg=(-1 : =—=
' (=1) ai1*azz 6 ’ (=1) a2,2 * 33 ’ (=1 a3,3 * Q4,4 4
9 Q21 %0a3>2 1 9 G32%a43 5
b1 = (1) —————=—2, bp=(-1)f—""—"T""—=——
Q1,1 * Q2 * a3 3 2 2,2 % 43,3 * Q4.4 4
bay = (—1)3 G21 % A32*a43 5
b1 Q1,1 % A2 % A3,3 % (4.4 8

Hence the inverse of A is

0 0 0
1 1
. &+ 0 0
-+ -1 -1 0
-5 _5 _5 1
8 4 4 4

& Crout’s Reduction For Tridiagonal Linear Systems. This is an algorithm for solving an

n x n system of linear equations whose coefficient matrix is tridiagonal.

Consider the linear system Az = b, where

An—1,n
0 ... Onn—1 Ann

is a non singular tridiagonal matrix.
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First we obtain A = LU, where

111 0O 0 1 UL vvvv e i i O
121 122 0 R 0 1 u23 :
L= . I39 . and U= . 0
. . . 0 . . . Un—1,n
0 v | 0 v, 0 1

then we solve the system Lz = b, and finally we obtain z by solving Uz = z.

ALGORITHM.

Input the tridiagonal matrix A and the vector b.
n = size(A);m = n(1); % Find the size of A.
L = zeros(m); % Define L as an m x m zero matrix.
U = eye(m); % Define U as an m x m identity matrix.
z = zeros(m,1); x = zeros(m,1) % z and 2 are zero vectors.
fori=2:m, L(i,i—1)= A(i,i — 1); end;
L(1,1) = A(1,1), U(1,2) = (1/L(1,1)) = A(1,2)
for k=2:m,
for j=k:m,
L(k,k) = A(k,k) — L(k,k — 1)« U(k — 1, k);
Uk, k +1) = A(k, k + 1)/L(k, k);
end; L, U
end
L(m, m) = A(m,m) — L(m,m — 1)+ U(m — 1,m); L
2(1) = b(1)/L(1, 1);
for k=2:m, z(k) = (1/L(k,k)) = (b(k) — L(k, k — 1) % z(k — 1)); end; z
x(m) = z(m);
fork=m—1:-1:1, x(k)=2(k) —U(k,k+1)xx(k+1); end; z

end

Example. Consider the linear system Az = b, where

2 -2 0 0 A(1,1:4) 2 by
I I O T R | R O TC S ) N R ) (b
A=10 2 0 —12| 7 a@i.a| TG b=1 0] = e,
0 0 3 —4 A(4,1:4) 4 by
We initialize L, U, x and z.
00 0 0 1 00 0 0 0
00 0 0 01 0 0 0 0
L=10 0 0 o U=lo 0 1 0 = 1o = o
00 0 0 00 0 1 0 0
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We have :

fori=2:m, L(i,i—1) = A(i,i — 1); end;

L(1,1) = A(1,1), U(1,2) = (1/L(1,1)) = A(1,2)

20 0 0 1 -1 0 0
1 0 0 0 0 1 0 0
L=10 2 0 o U=1o 0o 1 0
00 3 0 0 0 0 1
L(2,2) = A(2,2) — L(2,1) « U(L, 2);
U<2v 3) = A(27 3)/L(2a 2);
2 0 0 0 1 -1 0 0
1 3 0 0 0 1 -2 0
L=10 2 0 o U=1lo 0o 1 o
0 0 3 0 0 0 0 1
2 0 0 0 1 -1 0 0
1 3 0 0 0 1 -2 0
L=19 2 4 0 U=lo o 1 -3
0 0 3 0 0 0 1
L(4,4) = A(4,4) — L(4,3) « U(3,4); thus
2 0 0 071 -1 0 O
A_ |1 3 0 0f 0o 1 -2 0
“lo 2 4 o|l]|0o 0o 1 -3
00 3 5J]lo o o 1
We have
20 0 071l -1 O 07Tz 2
B 1 30 0|0 1 =2 0] |a]| | 4
Adv=b =15 9 4 ol lo 0o 1 -3||x|=|-10
00 3 51/Lo o o 1 T4 4
Let
1 0 0 0 2 1
e St
s=L7h=| 0 O 8 io = 13
121 _16 43 1 B B
~3% 19 ~—30 54 L4 1
Then
1 1 2 6 1 2
o |01 2 6 1| |1
r=U"2=1g o 1 3||-3| o
00 0 1 1 1
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