Numerical Analysis Massoud Malek

Inverse of Triangular Matrices

Given a lower triangular matrix L = (I;;), we denote by D, the diagonal part and L,

strictly lower triangular parts of L. Hence

Lhap O - 0 0 0 0 0 0
0 lpy -~ 0 0 by 0 - 0 0
L=D+L=| & : +1 : :
0 0 0 ln n ln,l ln 2 ln n—1 O

1/, 0 0 0
0 1/lys 0 0
D= .
0 0 0 l/ln,n
and the matrix
1 0 0 0

1271/1272 1 s 0 0

L=D'L=D'D+L=1I,+D'L=

ln,l/ln,n ln,2/ln,n e ln,nfl/ln,n 1
Note that £-! = L~! [D—l]_l = L7'D; hence L=t = £7'D~.

Cayley-Hamilton’s Theorem. If K4(\) = A" + a;A" ' + -+ + a, 1\ + a, is the characteristic

polynomial of the n X n matrix A, then
KA(A) =A"+ alAn71 + -+ an—lA +anly, = Zy,

where I,, is the n x n identity matrix and Z, the n X n zero matrix.
If A is invertible, then according to the Cayley Hamilton’s theorem,

A(Anil + alAn72 + -+ a71,—1In) = 70%[%;
from this, we obtain

—1 1 n—1 n—2
A = — (A —|—a1A +--~+an,1ln)

a‘TL
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Since all the eigenvalues of the matrix £ are equal to 1, the characteristic polynomial of

£ 1s as follows:

=0

k

— A" — (?) Al (Z) A2 (1) <Z))\n—k‘ e (=) (n ﬁ 1>>\ + (=)™

Now according to the Cayley-Hamilton’s theorem, K4(A) = Z,, hence:

L= (—1)”‘1[12"—1 - (711) Lr=2.. (—1)k (Z) k=1 (—1)n—2 <Z>£ + (?) (—1)"_1fn] .

Similarly, we can find the inverse of an upper triangular matrix U = D + U, by finding

first 4 = DU = I, + D~ U and then using the following formula:

u't= (—1)”‘1{2,{”—1 — (T)un—Q ...... (—1)k (Z)un—k—l ...... (—1)n2 (Z)u n (T)(_l)n_lln} ,

Example. Let

1 0 0 0 0 0
2 1 0 0 0 0
|3 4 1 0 0 0
5 6 7 1 0 O
8 9 -1 =2 1 0
-3 -4 -5 -6 -7 1
To find L=!, we need to find:
1 0 0 0 0 0 1 0 0 0 0 0
4 1 0 0 0 0 6 1 0 0 0 0
14 8 1 0 0 0 13— 33 12 1 0 0 0
43 40 14 1 0 01’ 170 102 21 1 0 0
21 2 —-16 —4 1 0 -35 =77 —45 -6 1 0
—115 —127 —45 2 -14 1 —-609 —425 -—-22 24 21 1
1 0 0 0 0 0 1 0 0 0 0 0
8 1 0 0 0 0 10 1 0 0 0 0
_ 60 16 1 0 0 0 and L5 — 95 20 1 0 0 0
442 192 28 1 0 01’ 915 310 35 1 0 0
—346 —284 —-88 -8 1 0 —1210 —-675 —145 —10 1 0
—1576 —562 162 60 -—-28 1 —2141 190 605 110 -35 1

The characteristic polynomial of L is
Kr(A) = (A=1)° =A% - 6% + 150" —20\* + 15)\% — 6\ + 1;

and since
Kp(L)=L%—6L5 +15L* — 20L3 + 1512 — 6L + Is = Zs,

we conclude that

1 0 0 0 0 0
_9 1 0 0 0 O
-1 _ _[75 @14 3 _ 2 — = ; 4 ! 000
Lt == [LP—6L' +15L° —20L* + 15L — 6] = | o0 o0 - 1 o
—41 31 -13 2 1 0
—435 333 —128 20 7 1
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