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First we define the function

™ (1 — 2™ 1 ~— /n
o) =T = (7) -vraee.
It is not difficult to show that
fM0)=0 for r=0,1,2,...,n—1 and 7> 2n.
For m =0,1,2,...,n, we have

Fotm) () :% Z (Z) %(_1)%71%‘

Thus for any s € IN, £(*)(0) is an integer; and since f(1 —x) = f(z), the same is also true
for f(*)(1). Tt is clear that if 0 < z < 1, then

0 <f(z) < % (1)

a
It is sufficient to prove that 72 is irrational; so we assume the contrary, that 72 = 7 for
some positive integer a and b.

Now for any positive integer n, we define

Fo(z) =" |72 f () = 722 fP (@) + 72 f D (@) = + (=) @) - (2)
Note that F,(0) and F), (1) are both integers. A calculation based on (2) shows that
d

o [F)(z)sinma — wF,(z) coswz] = [F)/(z) + n°F,(z)] sinmz
= b"n?" T2 f(z) sin e
= 120" f(z) sin 7z ;

F! (z)sinmz

1
SO / ma" f(x)sinmx dr = [
0

which is an integer. But (1) implies that for any integer n,

—7F,(x) COSWI‘1:| = F,(1) + F,,(0),

™ 0

! ma"
0< / ma" f(x)sinmr de < ——.
0 n!
n

For a large n, g < 1. The contradiction then follows from the fact that
n!

1
/ wa” f(x)sintx de = F,(1) + F,(0)
0

is a positive integer. -



