
ππππππππππππππππππππππππππππππππ
π π
π P I I S I R R A T I O N A L π
π π
ππππππππππππππππππππππππππππππππ

First we define the function

f(x) =
xn(1− xn)

n!
=

1
n!

n∑
k=0

(
n

k

)
(−1)kxn+k .

It is not difficult to show that

f (r)(0) = 0 for r = 0, 1, 2, . . . , n− 1 and r > 2n .

For m = 0, 1, 2, . . . , n, we have

f (n+m)(x) =
1
n!

n∑
k=m

(
n

k

)
(k + n)!
(k −m)!

(−1)kxn+k .

Thus for any s ∈ IN , f (s)(0) is an integer; and since f(1− x) = f(x), the same is also true
for f (s)(1). It is clear that if 0 < x < 1, then

0 <f(x) <
1
n!

. (1)

It is sufficient to prove that π2 is irrational; so we assume the contrary, that π2 =
a

b
for

some positive integer a and b.

Now for any positive integer n, we define

Fn(x) = bn
[
π2nf(x)− π2n−2f (2)(x) + π2n−4f (4)(x)− · · · · · ·+ (−1)nf (2n)(x)

]
. (2)

Note that Fn(0) and Fn(1) are both integers. A calculation based on (2) shows that
d

dx
[F ′

n(x) sinπx− πFn(x) cos πx] =
[
F ′′

n (x) + π2Fn(x)
]
sinπx

= bnπ2n+2f(x) sinπx

= π2anf(x) sinπx ;∫ 1

0

πanf(x) sinπx dx =
[
F ′

n(x) sinπx

π
− πFn(x) cos πx

∣∣∣1
0

]
= Fn(1) + Fn(0) ,so

which is an integer. But (1) implies that for any integer n,

0 <

∫ 1

0

πanf(x) sinπx dx <
πan

n!
.

For a large n,
πan

n!
< 1. The contradiction then follows from the fact that∫ 1

0

πanf(x) sinπx dx = Fn(1) + Fn(0)

is a positive integer.


