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CHAPTER I

Introduction

Let V be a finite dimensional real vector space. A set B ⊂ V is called convex if for

every x, y ∈ B, the interval {αx+(1−α)y : α ∈ [0, 1]} is also in B. A convex set B ⊂

V is called a convex body if it is convex, compact, and has nonempty interior. This

dissertation investigates the computational complexity of convex bodies. Various

notions for the complexity of convex bodies have been introduced. For example,

the survey [Sza06] discussions notions of metric entropy, geometric complexity, and

algorithmic complexity for convex bodies. Here we shall investigate the membership

question as a measure of the computational complexity of a convex body.

1.1 The Membership Question

Let V be a d-dimensional vector space, and B ⊂ V a convex body. The member-

ship question for B consists of the following:

Input: x ∈ V

Output: “yes” if x ∈ B, “no” if x 6∈ B

The algorithm for the membership question of course depends on the convex body.

We note that, regarding the computational complexity for B, we do not consider the

time or resources needed to create an algorithm to decide the membership question.

We consider only the time needed to answer the membership question once such an

1
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algorithm has been created.

We also note that at this point we are not concerned with what model of compu-

tation we use. That is, we may use the real model of computation, identifying V with

Rd and assuming each point x = (x1, . . . , xd) ∈ V is given by real coordinates. In the

real model of computation (see Chapter 3 of [BCSS98]), the complexity is calculated

by counting the number of operations used. Or we may use the bit model of com-

putation (see section 1.3 of [GLS93]), assuming that each point x = (x1, . . . , xd) has

rational coordinates and the complexity is counted by the number of bit operations.

We are concerned with how the complexity of an algorithm deciding membership

depends on the dimension d.

From algorithmic convexity theory, see section 4.2 of [GLS93] or [Lov86], if a

convex body B has a polynomial time algorithm for the membership question (in

the bit model), a linear function can be optimized over B in polynomial time (again

in the bit model). Thus, one can look to hard optimization problems for a supply of

convex bodies for which the membership question is likely to be hard. The Traveling

Salesman Problem will provide us with our model example, the Traveling Salesman

Polytope (see section 1.5).

1.2 Approximation of Convex Bodies

Since the membership problem described in section 1.1 can be quite hard, we also

consider the computational complexity of the approximation problem: we want to

find a set X ⊂ V approximating B such that the membership problem for X can be

solved within a given complexity, preferably in time polynomial in dim V .

For a symmetric convex body, we measure how well a convex body X approximates
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B by a number α ≥ 1 such that

X ⊂ B ⊂ αX.

If B is not symmetric, it may nonetheless have a natural center, as in the case of

the Traveling Salesman Polytope. In such a case, we measure the closeness of an

approximating set in the same way.

Approximation constructions for convex bodies have been studied, in particular

in the case where the body to be approximated is a 0-1 polytope. Balas-Ceria-

Cornuéjols, Lovász-Shriver, Sherali-Adams, and Lasserre have all used variants of

what are known as “lift-and-project” methods of approximation. Each of these meth-

ods begin with a polytope K = {x ∈ Rn : Ax + b ≥ 0} for which the polytope

P = conv(K∩{0, 1}n) is the body to be approximated. Each of the inequalities defin-

ing K is multiplied by certain products of the inequalities xi ≥ 0 and 1 − xi ≥ 0.

The resulting variables x2
i are replaced by xi and xixj (for i 6= j) is replaced by the

variable yij; this corresponds to the “lifting” of the body K. Projecting back to the

original variables xi results in a K2 such that K ⊃ K2 ⊃ P . In the nth step, the

polytope P is achieved. See [LR05] for a survey discussing all of the above methods

or [Bal01] for a discussion of lift and project methods. In these constructions, no

metric bounds for the approximating set are known.

This dissertation will be organized as follows: the rest of this Chapter will be

dedicated to Convex Geometry background and preliminaries. Chapters II and III

include results on the approximation of convex bodies by algebraic hypersurfaces and

by polytopes respectively. Chapter IV discusses the approximation of convex bodies

by projections of polytopes and contains one of the main results of the dissertation,

namely Theorem IV.4. In Chapter V, we present the other main results of this

dissertation, namely Theorem V.1 and its companion, Theorem V.4. We discuss



4

a possible “soft” approximation of convex bodies in Chapter VI. The final two

Chapters, VII and VIII, complete the proofs and computations needed for Theorems

IV.4, V.1, and V.4.

1.3 Constructions with Convex Bodies

We now commence with the promised Convex Geometry background and prelim-

inaries. Let V be a real vector space.

1.3.1 Convex Hull and Conic Hull

For a subset A ⊂ V , the convex hull of A, denoted conv(A), is defined to be

smallest convex set in V containing A. Equivalently, it is the set of all vectors in V

which can be written as a convex combination of vectors in A:

conv(A) =

{
v ∈ V : v =

m∑
i=1

ciai for some ai ∈ A, ci ∈ R

such that ci ≥ 0 for i = 1, 2, . . . ,m and
m∑

i=1

ci = 1

}
.

The conic hull of A, denoted co(A), is the set of all conic combinations of vectors

in A:

co(A) =

{
v ∈ V : v =

m∑
i=1

ciai for some ai ∈ A, ci ∈ R

such that ci ≥ 0 for i = 1, 2, . . . ,m

}
.

1.3.2 Scaling, Minkowski Sum

For a convex set A ⊂ V and scalar a ∈ R we denote by aA the convex set of all

vectors in A scaled by a:

aA =

{
v ∈ V : v = aw for some w ∈ A

}
.
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For convex sets A1, A2, . . . , Am ⊂ V we denote by A1 + A2 + . . . + Am the convex

set which is the Minkowski sum of A1, . . . , Am:

A1 + A2 + . . . + Am

=

{
v ∈ V : v = a1 + a2 + . . . + am where ai ∈ Ai, i = 1, . . . ,m

}
.

1.3.3 Zonotopes, Zonoids

Recall that for x, y ∈ V , the line segment with endpoints x and y is the set

{αx + (1 − α)y : α ∈ [0, 1]}. A zonotope is defined to be a Minkowski sum (see

section 1.3.2) of finitely many line segments.

Suppose the vector space V has distance function d. For two convex bodies

A, B ⊂ V , the Hausdorff distance between A and B, δ(A, B), is defined as follows:

δ(A, B) = max

{
max
a∈A

d(a, B), max
b∈B

d(b, A)

}
where

d(a, B) = min
x∈B

d(a, x).

Now we define a zonoid to be a set Z ⊂ V which can be approximated by zonotopes

in the Hausdorff metric. That is, Z is a zonoid, if for each ε > 0, there exists a

zonotope W ⊂ V such that

δ(Z,W ) < ε

1.3.4 Polar Duals

Let V ∗ be the space of all linear functions ` : V −→ R. The polar B◦ ⊂ V ∗ of a

convex body B ⊂ V is defined by

B◦ =
{

` ∈ V ∗ : `(v) ≤ 1 for all v ∈ B
}

.
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The standard duality result states that (B◦)◦ = B if B is a closed convex set con-

taining the origin.

1.4 Special Convex Bodies

1.4.1 Simplices

Let e1, e2, . . . , en ⊂ Rn be the coordinate vectors for Rn. The standard d - dimen-

sional simplex ∆d ⊂ Rd+1 is defined to be the convex hull of the coordinate vectors

in Rd+1:

∆d = conv

{
e1, e2, . . . , ed+1 ⊂ Rd+1

}
=

{
(ξ1, . . . , ξd+1) :

d+1∑
i=1

ξi = 1, ξi ≥ 0 for i = 1, . . . , d + 1

}

1.4.2 Cubes

The d-dimensional cube Id ⊂ Rd is defined as follows:

Id =
{

(ξ1, . . . , ξd) : |ξi| ≤ 1 for i = 1, . . . , d
}

1.4.3 Cross-Polytopes

The d-dimensional cross-polytope (octahedron) Od ⊂ Rd is defined as follows:

Od =
{

(ξ1, . . . , ξd) :
d∑

i=1

|ξi| ≤ 1
}

1.4.4 Symmetric convex bodies, norms.

A convex body B ⊂ V is defined as symmetric if, for each v ∈ B, we also have

−v ∈ B. In other words, B satisfies:

B = −B
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With a symmetric convex body B ⊂ V one naturally associates a norm ‖ · ‖B on

V defined by

‖v‖B = inf
{

λ > 0 : v ∈ λB
}

.

1.4.5 Ellipsoids

An ellipsoid E ⊂ V is a set defined as

E =
{

v ∈ V : q(v − v0) ≤ 1
}

where q : V −→ R is a positive definite quadratic form and v0 ∈ V is a particular

point called the center of the ellipsoid. As is known, see for example, [Bal97], for any

convex body B ⊂ V there is a unique ellipsoid E ⊂ B that has the largest volume

among all ellipsoids contained in B. It is called the John ellipsoid of B and it satisfies

E ⊂ B ⊂ dE,

where d = dim V and the origin of V is moved to the center of E.

If B is symmetric then the John ellipsoid E is necessarily centered at the origin

and satisfies

E ⊂ B ⊂
√

dE.

We note that the maximum volume ellipsoid for the convex body B does not

depend on the volume form.

1.5 The Traveling Salesman Polytope

We shall now describe a convex body called the Traveling Salesman Polytope,

which we denote by Tn. This polytope will be a n(n−3)
2

-dimensional polytope, em-

bedded in n(n−1)
2

-dimensional space. Let Kn denote the complete undirected graph

on n vertices {1, 2, . . . , n} with
(

n
2

)
edges {i, j} for i 6= j (that is, Kn contains no
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self-loops). Recall that a Hamiltonian cycle in Kn is a cycle which visits every vertex

exactly once. To each Hamiltonian cycle in Kn, we can associate its incidence matrix

A = (aij) where

aij =


1 if the cycle contains edge {i, j},

0 if the cycle does not contain edge {i, j}.

Note that each matrix corresponding to a Hamiltonian cycle is a symmetric 0-1

matrix in Rn2
with 0s on the diagonal. Given a particular matrix corresponding to a

Hamiltonian cycle, any other such matrix can be obtained from it by simultaneously

permuting rows and columns (this corresponds to permuting the labels on the vertices

of the graph). The Traveling Salesman Polytope is typically described as the convex

hull of all adjacency matrices corresponding to Hamiltonian cycles in Kn. However,

for our purposes, instead of using the entire adjacency matrix for each Hamiltonian

cycle, we will only use the “upper half” of each such matrix. Thus, we consider

Tn to be the convex hull of the n(n−1)
2

-dimensional vectors indexed by pairs {i, j}

(i, j ∈ {1, 2, . . . , n}, i < j) where entry xij = 1 if the associated Hamiltonian cycle

contains edge {i, j} and xij = 0 if it does not contain edge {i, j}.

Thus, each vertex of Tn is a vector which corresponds to a cycle. To each cycle

we can associate two permutations of the numbers {1, 2, . . . , n} beginning with the

number 1; these permutations correspond to reading the labels of the vertices as we

walk around the cycle, starting from the vertex labeled 1. There are two because

the vertex labeled 1 is adjacent to exactly two different vertices, and we could have

visited either one first during our walk around the cycle. For example, the permu-

tations (1, m2, m3, . . . ,mn) and (1, mn, mn−1, . . . ,m2) correspond to the same cycle.

We will use the descriptions of the vertices as vectors, cycles, and permutations in-

terchangeably. Using the permutation description of a Hamiltonian cycle, it is not
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hard to see that there are (n−1)!
2

different Hamiltonian cycles in Kn. The Traveling

Salesman Polytope has a natural center: the barycenter, which is the vector x = xij

such that

xij =


0 if i = j

2
n−1

if i 6= j

The Traveling Salesman Polytope is clearly not full dimensional in Rn(n−1)/2; for

each point in Tn, the sum of the entries is n. It is not hard to show that its dimen-

sion is n(n−3)
2

. To see that dim(Tn) ≤ n(n−3)
2

, note that Tn satisfies n independent

onstraints, which say that its projection on the subspace Vi corresponding to the

variables {i, j} with j 6= i has length 1, for 1 ≤ i ≤ n.

Although the Traveling Salesman Polytope has been studied widely, a complete

description of it via linear inequalities is not known, and in some sense, cannot be

known unless NP=coNP, see [KP82]. Specifically, we note that many combinatorial

optimization problems have an associated 0-1 polytope and a parameter varying

in n (where n can go to ∞). We say a combinatorial optimization problem has a

satisfactory description if, given a 0-1 vector y, it can be decided in time polynomial

in n if y is a vertex for the polytope associated to the problem. (We note that

the Traveling Salesman Problem has a satisfactory description). We say that a

characterization of a polytope is satisfactory if it is in NP; that is, given an linear

inequality, there is a short proof of the fact that this equality defines a facet of the

polytope. In [KP82], they prove that if any combinatorial optimization problem with

a satisfactory description has a satisfactory description by linear inequalities, then

NP=coNP.

Some linear inequalities are known to define facets for Tn. Each of the following
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linear inequalities is known to define a facet for Tn:

0 ≤ xij ≤ 1 for each i, j;(1.1) ∑
j∈U

i∈V−U

xij ≥ 2 for each U ⊂ V with ∅ 6= U 6= V ;(1.2)

∑
j∈U

i∈V−U
{i,j}6∈F

xij −
∑

{k,`}∈F

xk` ≥ 1− |F |

for U ⊂ V, F a matching,

|F | ≥ 3 odd, each edge of F

having one endpoint in U.

(1.3)

Inequalities (1.2) are known as the subtour elimination constraints, and inequalities

(1.3) are known as the 2-matching constraints. For more information on the Traveling

Salesman Polytope and the associated Traveling Salesman Problem, see, for example,

Chapter 58 of [Sch03]. Linear optimization over Tn and the membership question for

Tn are known to be NP-hard.



CHAPTER II

Approximation by algebraic hypersurfaces

Recall from section 1.4.5 that any convex body B in a d-dimensional vector space

can be approximated within a factor of d by an ellipsoid; if B is symmetric then this

scaling factor can be improved to
√

d.

Recall that the dimension of the Traveling Salesman Polytope Tn is n(n−3)
2

. In the

case of the Traveling Salesman Polytope Tn the maximum volume ellipsoid E ap-

proximates Tn more closely than within a factor of n(n−3)
2

. Specifically, E is centered

at the barycenter of Tn, touches the facets of Tn defined by the equations xij = 0

and satisfies

E ⊂ Tn ⊂
(n− 3)

√
n

2
E for n ≥ 5,

see [BB05].

Since an ellipsoid E is defined by one quadratic inequality, the membership prob-

lem for E can be solved in O (d2) time for d = dim V . One can ask whether better

bounds can be obtained by using polynomial inequalities of higher order. For sym-

metric convex bodies such a result was obtained in [Bar03]:

Theorem II.1. For a given symmetric convex body B ⊂ V and any integer k ≥ 1

there exists a homogeneous polynomial p : V −→ R such that p is the sum of squares

11
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of homogeneous polynomials of degree k and

p1/2k(v) ≤ ‖v‖B ≤ α(d, k)p1/2k(v) for all v ∈ B,

where

α(d, k) =

(
d + k − 1

k

)1/2k

and d = dim B.

In other words, the set

X =
{

v ∈ V : p(v) ≤ 1
}

approximates B within a factor of α(d, k). Note that the membership problem for

X can be solved in O
(
d2k
)

time. If d � k � 1, applying Stirling’s formula, we get

α(d, k) ≈
√

d

(k!)1/2k
≈
√

de

k
.

It follows then that for any fixed ε > 0 we can choose k = k(ε) large enough so that

X approximates B within a factor of ε
√

dim B and the membership problem for X

can be solved in time polynomial in dim B. It is not clear whether the set X can

always be chosen convex, although this is the case in many situations.

Sketch of proof of Theorem II.1. Let V ∗ be the dual space of all linear functionals

` : V −→ R and let

B◦ = {` ∈ V ∗ : `(v) ≤ 1 for all v ∈ B}

be the polar of B. By the standard duality argument, we can write

‖v‖B = max
{

`(v) : ` ∈ B◦
}

.

Let V ⊗k be the tensor product of k copies of V , so
(
V ⊗k

)∗
= (V ∗)⊗k. Then

‖v‖k
B = max

{
`⊗k
(
v⊗k
)

: ` ∈ B◦
}

.
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Now, let us define a symmetric convex set C ⊂ (V ∗)⊗k as the convex hull

C = conv
(
`⊗k,−`⊗k : ` ∈ B◦

)
.

Then

‖v‖k
B = max

{
L
(
v⊗k
)

: L ∈ C
}

.

Finally, we approximate C by an ellipsoid E ⊂ C. The crucial consideration is that

since C lies in the symmetric part of (V ∗)⊗k, we have

dim C ≤
(

dim V + k − 1

k

)
and hence E approximates C within a factor of αk(d, k).

It remains to notice that the formula

√
p(v) = max

{
L
(
v⊗k
)

: L ∈ E
}

indeed defines a polynomial p : V −→ R of degree 2k which is a sum of squares of

polynomials of degree k.

There are several open questions related to Theorem II.1

2.1 The best approximation?

Suppose that we want to approximate an arbitrary norm ‖v‖B by an expression

p1/2k(v), where p : V −→ R is a homogeneous polynomial of degree 2k. Is the

coefficient α(d, k) of Theorem II.1 best that we can get? This is so in the case of

k = 1, since the d-dimensional cube

Id =
{

(ξ1, . . . , ξd) : |ξi| ≤ 1 for i = 1, . . . , d
}

and the d-dimensional cross-polytope (octahedron)

Od =
{

(ξ1, . . . , ξd) :
d∑

i=1

|ξi| ≤ 1
}
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cannot be approximated by an ellipsoid better than within a factor of
√

d, cf. [Bal97].

Similarly, in the non-symmetric situation, the d-dimensional simplex

∆d =
{

(ξ1, . . . , ξd+1) :
d+1∑
i=1

ξi = 1 and ξi ≥ 0 for i = 1, . . . , d + 1
}

cannot be approximated by an ellipsoid better than within a factor of d.

For k > 1 it is not clear whether the bound of Theorem II.1 is optimal. One can

show, however, that the octahedron Od cannot be approximated by a hypersurface

of degree 4 or 6 better than within a certain factor c
√

d for some absolute constant

c > 0 [Bar03]. The idea of the proof is as follows. Once a convex body B and the

degree 2k are fixed, there exists the best approximating polynomial p. Furthermore,

the polynomial p can be chosen to be invariant under the group of the symmetries of

B. In the case of Od, it follows that one can choose p to be a symmetric polynomial

in ξ2
1 , . . . , ξ

2
d, from which the estimate can be deduced.

It is interesting to note that while the cube Id and the octahedron Od demonstrate

similar behavior with respect to ellipsoidal approximations, their behavior with re-

spect to higher degree approximations very much differ. Indeed, the cube Id can be

approximated by a hypersurface of degree 2k within a factor of d1/2k. For that, one

can choose

p(x) =
d∑

i=1

ξ2k
i for x = (ξ1, . . . , ξd) .

2.2 Convex approximation?

Although in many special cases the function p1/2k(·) constructed in Theorem II.1

turns out to be a norm, there is no reason to believe that it is always a norm (but

there are no explicit counterexamples either). Equivalently, there is no apparent
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reason why the set

X =
{

v ∈ V : p(v) ≤ 1
}

should be convex. It is an interesting question whether one can choose p to be a

norm and still get the same order of approximation. One natural candidate would

be

(2.1) p(v) =

∫
B◦

`2k(v) dµ(`)

where µ is a certain probability measure on the polar B◦. One can show that for the

normalized Lebesgue measure µ the bounds generally are much weaker than those

of Theorem II.1. A natural alternative candidate for µ is the exterior angle measure

defined as follows. Let Sd−1 ⊂ Rd be the unit sphere in Euclidean space Rd endowed

with the scalar product 〈〉 and let ν be the Haar probability measure on Sd−1. Let

K ⊂ Rd be a convex body. For a closed subset X ⊂ K, let us define

µK(X) = ν
{

c ∈ Sd−1 : max
x∈X

〈c, x〉 = max
x∈K

〈c, x〉
}

In words: the measure of a closed subset X is the proportion of linear functions of

length 1 that attain their maximum on K at a point x ∈ X. Clearly, the probability

measure µK depends on the convex body K as well as on the Euclidean structure in

Rd.

Although no bounds have been proved, it seems plausible that by choosing a scalar

product in V in which the John ellipsoid E of B is the unit ball and letting µ = µB◦

in (2.1), one obtains a norm p1/2k which gives a similar order approximation as in

Theorem II.1.



CHAPTER III

Approximation by polytopes

Any convex body B ⊂ V can be arbitrarily well approximated by the convex hull

of a sufficiently large finite subset X ⊂ B. Consequently, the membership problem

for B is replaced by the membership problem for the polytope P = conv(X) whose

complexity (in the bit model) is polynomial in the cardinality |X| of X. In the dual

setting, any convex body can be arbitrarily well approximated by the intersection

of a sufficiently large set X of halfspaces. Then the complexity of the membership

problem is linear in |X| in both the real and the bit models. How large should X ⊂ B

be so that conv(X) approximates B reasonably well?

The following result is well-known, see for example, Lemma 4.10 of [Pis89].

Lemma III.1. Let B ⊂ V be a symmetric convex body with d = dim(V ). Then, for

any 1 > ε > 0 there is a finite subset X ⊂ B such that for P = conv(X), we have

P ⊂ B ⊂ 1

1− ε
P

and

|X| ≤
(

1 +
2

ε

)d

Proof. Let ‖ · ‖B be the norm associated with B, see Section 1.4.4. Let X ⊂ B be a

16
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maximal (under inclusion) subset such that

‖x1 − x2‖B > ε for all distinct x1, x2 ∈ X.

Since X is maximal, for every x ∈ B there is a point y ∈ X and a point z ∈ εB such

that x− y = z. In other words,

B ⊂ X + εB ⊂ P + εB.

Iterating, we get

B ⊂ P + εP + ε2P + . . . + εkP + εk+1B

and taking the limit we conclude that

B ⊂ 1

1− ε
P.

Next, we estimate the number of points in X. We notice that

(
x1 +

ε

2
B
)
∩
(
x2 +

ε

2
B
)

= ∅ for distinct x1, x2 ∈ X.

Furthermore, ⋃
x∈X

(
x +

ε

2
B
)
⊂
(
1 +

ε

2

)
B.

Hence

vol
(
1 +

ε

2

)
B ≥ |X|vol

( ε

2
B
)

,

from which

|X| ≤
(

2 + ε

ε

)d

as required.

Although in many cases the bound can be slightly sharpened, the bottom line is

that the bound on the number |X| of points is exponential in the dimension. In fact,

simple volume estimates show that even if B ⊂ Rd is the Euclidean ball, the number



18

of points needed to approximate B within a constant factor is exponentially large in

d.

The following result is proved, for example, in [Bal97].

Theorem III.2. Let B ⊂ Rd be the unit ball and let X ⊂ B be a set such that for

P = conv(X) we have

P ⊂ B ⊂ αP.

Then

|X| ≥ exp

{
d

2α2

}
.

Similarly, if P is the intersection of a set X of halfspaces such that

P ⊂ B ⊂ αP

then

|X| ≥ exp

{
d

2α2

}
.



CHAPTER IV

Approximation by projections

Let B ⊂ V be a convex body. Suppose that we manage to construct a polytope

P ⊂ W , where W is some other vector space, and a linear transformation T :

W −→ V such that the image Q = T (P ) approximates B reasonably well. Given an

x ∈ V , testing whether x ∈ Q reduces to testing whether the affine subspace T−1(x)

has a non-empty intersection with P , which is a linear programming problem. In

particular, if P is defined by N linear inequalities, the complexity of the membership

problem for Q is bounded by a polynomial in N in the bit model, see [GLS93]. On

the other hand, the number of facets of Q can be exponentially large in N , which

shows that, in principle, Q may provide a fairly good approximation even to rather

“non-polytopal” convex bodies B.

In the dual setting, we are interested in approximating the body B by a section

of a polytope. Namely, given a body B in a vector space V we want to construct

an auxiliary vector space W containing V and a polytope P ⊂ W such that the

intersection Q = P ∩ V approximates B reasonably well. If P is defined as the

convex hull of N vertices, the membership problem for P , being a linear programming

problem, has the complexity that is polynomial in N (in the bit model). On the other

hand, the number of vertices of Q = P ∩ V can be exponentially large in N , which,

19
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in principle, can lead to good approximations of B.

One can observe that a polytope Q is a projection of a polytope with at most N

facets if and only if Q is a section of a polytope with at most N vertices, so the two

approaches are essentially identical.

4.1 Good sections are good projections and vice versa

Approximating a convex body B by a projection of a polytope with few facets is

equivalent to approximating B by a section of a polytope with few vertices.

Proposition IV.1. Let V ⊂ W be a pair of vector spaces. For a polytope P ⊂ W

with N vertices, let Q = P ∩ V . Then Q can be represented as a projection of a

polytope with no more than N facets.

Conversely, suppose that P ′ is a polytope with N facets, T : W −→ V is a linear

transformation and Q′ = T (P ′). Then Q′ can be represented as a section of a polytope

with no more than N vertices.

Proof. Suppose P ⊂ W has N vertices. Then there exists a simplex ∆N−1 ⊂ RN ,

and a linear transformation T : RN −→ W such that P = T (∆N−1). Then U =

T−1(V ) ⊂ RN is a subspace, the polytope P0 = ∆N−1 ∩ U has at most N facets and

Q = T (P0).

Vice versa, let P ′ ⊂ W be a polytope with N facets, let T : W −→ V be a linear

transformation and let Q′ = T (P ′). Fixing a scalar product in W , we identify V with

a subspace V ⊂ W and T with the orthogonal projection of W onto V . Assuming

that P ′ contains the origin in its interior, let us consider the polars (P ′)◦ and (Q′)◦.

One can see that (Q′)◦ = (P ′)◦ ∩ V . Since (P ′)◦ is a polytope with N vertices, by

the above reasoning (Q′)◦ can be represented as a projection of a polytope with at

most N facets. Dualizing again and using that ((Q′)◦)◦ = Q′, we conclude that Q′
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can be represented as a section of a polytope with at most N vertices.

4.2 Operations on projections

For i = 1, 2, let Pi ⊂ Wi be polyhedra, let Ti : Wi −→ V be linear transformations,

and let Qi = Ti (Pi). Let Q = (Q1 ∩Q2) ⊂ V . We observe that Q is the image of

the polyhedron P ⊂ W1 ⊕W2,

P =
{

(x1, x2) : x1 ∈ P1, x2 ∈ P2, and T1(x1) = T2(x2)
}

under the linear transformation defined by T (x1, x2) = T1(x1). If Pi has at most Ni

facets for i = 1, 2 then P has at most N = N1 + N2 facets.

For i = 1, 2, let Pi ⊂ Wi be polyhedra, let Ti : Wi −→ Vi be linear transformations,

and let Qi = Ti (Pi). Let Q = (Q1 ×Q2) ⊂ V1 ⊕ V2. Then Q is the image of the

polyhedron P = (P1 × P2) ⊂ W1 ⊕ W2 under the linear transformation defined by

T (x1, x2) = (T1 (x1) , T2 (x2)). Similarly, if Pi has at most Ni facets for i = 1, 2 then

P has at most N = N1 + N2 facets.

4.3 The Flaws in Forcing Symmetry

One interesting feature of approximations by sections and projections is that it

breaks symmetry. Namely, to obtain a sufficiently close approximation of a symmetric

convex body B by a projection of a polytope P with not too many facets, we may

have to choose the polytope P to be non-symmetric.

Let Od ⊂ Rd be the standard octahedron (cross-polytope), that is

Od =
{

(ξ1, . . . , ξd) :
d∑

i=1

|ξi| ≤ 1
}

.

Clearly, Od has 2d vertices and hence there is a simplex ∆2d−1 ⊂ R2d with 2d vertices

and a linear transformation T : R2d −→ Rd such that T (∆2d−1) = Od. In other

words, Od can be represented as the projection of a polytope with 2d facets.
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Suppose, however, that we want to construct a symmetric polytope P ⊂ W and a

linear transformation T : W −→ Rd such that Q = T (P ) approximates Od within a

factor of 2. One can show that the number N of facets of P has to be exponentially

large in d. The following can be found in [BVar].

Theorem IV.2. Let Od ⊂ Rd be the cross-polytope

Od =
{

(ξ1, . . . , ξd) :
d∑

i=1

|ξi| ≤ 1
}

and suppose that P ⊂ W is a symmetric polytope with N facets and T : W −→ Rd

is a linear transformation such that

Q ⊂ Od ⊂ 2Q for Q = T (P ).

Then

N ≥ ecd for some absolute constant c > 0.

Proof. The proof uses the notion of the type 2 constant of a Banach space, see

Chapter 11 of [Pis89] and Chapter 4 of [TJ89].

Let V be a finite-dimensional vector space, let B ⊂ V be a symmetric convex body

and let ‖ ·‖B be the corresponding norm, see Section 1.4.4. The type 2 constant of B

is the smallest number κ = κ(B) > 0 such that for any set of vectors x1, . . . , xm ∈ V

we have

E
∥∥∥ m∑

i=1

εixi

∥∥∥2

B
≤ κ2(B)

m∑
i=1

‖xi‖2
B,

where the expectation is taken with respect to independent random signs εi:

εi =


1 with probability 1

2

−1 with probability 1
2

.

One can observe that κ(B) = 1 if B is the unit ball in some Euclidean metric and

that if T : V −→ W is an invertible linear transformation then κ(B) = κ (T (B)) for
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any symmetric convex body B ⊂ V . Since every convex body can be approximated

by an ellipsoid, it follows that κ(B) exists (in particular, is finite) for all symmetric

convex bodies B.

Let B ⊂ W be a symmetric convex body and let U ⊂ W be a subspace. It is

immediate that

(4.1) κ (B ∩ U) ≤ κ(B).

Furthermore, suppose that T : W −→ V is a linear surjection. Then we have

(4.2) κ
(
T (B)

)
≤ κ(B).

To prove (4.2), we notice that

‖Ty‖T (B) ≤ ‖y‖B for all y ∈ W

and that for every x ∈ V there is y ∈ W such that T (y) = x and ‖y‖B = ‖x‖T (B).

To establish (4.2), let us choose any x1, . . . , xm ∈ V and then y1, . . . , ym ∈ W such

that

T (yi) = xi and ‖yi‖B = ‖xi‖T (B) for i = 1, . . . ,m.

Then

E
∥∥∥ m∑

i=1

εixi

∥∥∥2

T (B)
≤ E

∥∥∥ m∑
i=1

εiyi

∥∥∥2

B
≤ κ2(B)

m∑
i=1

‖yi‖2
B = κ2(B)

m∑
i=1

‖xi‖2
T (B)

and the proof of (4.2) follows.

Suppose now that P is a symmetric polytope with N facets. Then, up to a linear

transformation, P can be represented as a section of an N -dimensional cube IN (see

section 5.1 of [Grü03]). Hence κ(P ) ≤ κ (IN) and if Q is a projection of P , we have

κ(Q) ≤ κ(P ) ≤ κ (IN) .
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Furthermore, under the conditions of the theorem, we have

κ (Od) ≤ 2κ(Q) ≤ 2κ (IN) .

On the other hand, one can show that

κ (Od) ≥
√

d and κ(IN) ≤ c
√

ln N

for some absolute constant c > 0, see Section 4 of [TJ89]. This proves that N has to

be exponentially large in d.

4.4 Approximation of the Euclidean ball

Theorem III.2 shows that the d-dimensional Euclidean ball is not approximated

very well by a polytope with a subexponential in d number of vertices or facets.

The situation changes radically if we consider approximations by a projection of a

polytope with a small number of facets or by a section of a polytope with a small

number of vertices. For example, the intersection of a 2d-dimensional octahedron

O2d with a random d-dimensional subspace of R2d approximates the d-dimensional

Euclidean ball within an absolute constant, see, for example, [Bal97]. The results of

[BLM89] on approximation of zonoids by zonotopes imply that for any d and ε > 0

there is an N = O∗ (dε−2), where ∗ stands for some logarithmic factors, and a linear

transformation T : RN −→ Rd, such that the image T (IN) of the cube IN ⊂ RN

approximates the unit ball B ⊂ Rd within a factor of (1 + ε). Note that in this case

we approximate a symmetric convex body by the projection of a symmetric polytope.

In [BTN01] A. Ben-Tal and A. Nemirovski provide a remarkable construction of

a polytope P giving the following:

Theorem IV.3. There is a polytope P with N = O (d ln ε−1) facets whose projection
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T (P ) approximates Euclidean ball B ⊂ Rd as follows:

T (P ) ⊂ B ⊂ (1 + ε)T (P )

Unlike in the case of zonotopal approximation of [BLM89], the polytope P is not

symmetric. We sketch their construction below.

Sketch of Proof. Let

Bd =
{

(ξ1, . . . , ξd) :
d∑

i=1

ξ2
i ≤ 1

}
be the d-dimensional unit ball. The first idea of [BTN01] is to reduce the general

case to that of d = 2. Let us consider the (d + 1)-dimensional round cone

Cd =
{

(ξ1, . . . , ξd; τ) :
d∑

i=1

ξ2
i ≤ τ 2 and τ ≥ 0

}
.

One can observe that a close approximation of Cd by a projection of a polyhedron

with at most N facets results in a close approximation of Bd by a projection of a

polytope with at most N facets and vice versa.

Let us write d = r + b for some positive integers r and b and let us consider the

corresponding round cones of lower dimensions:

Cr =
{

(ξ1, . . . , ξr; ρ) :
r∑

i=1

ξ2
i ≤ ρ2 and ρ ≥ 0

}
and

Cb =
{

(η1, . . . , ηb; β) :
b∑

i=1

η2
i ≤ β2 and β ≥ 0

}
.

In the space Rd+3 with the coordinates ξ1, . . . , ξb; η1, . . . , ηr; ρ, β, τ we consider the

subset

X =
{

(ξ1, . . . , ξr; η1, . . . ηb; ρ, β, τ) :

r∑
i=1

ξ2
i ≤ ρ2,

b∑
i=1

η2
i ≤ β2, ρ2 + β2 ≤ τ 2 and

ρ, β, τ ≥ 0
}

.
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Clearly, Cd is the image of X under the projection which forgets ρ and β. On the

other hand, we have

X = (Cr × Cb × Vτ ) ∩
(
C2 × Vξ,η

)
,

where

C2 =
{

(ρ, β, τ) : β2 + ρ2 ≤ τ 2 and ρ, β, τ ≥ 0
}

is the “quarter” of the 3-dimensional round cone and Vτ and Vξ,η are the appropriate

coordinate subspaces.

Using the operations of direct product and intersection, see Section 4.2, one can

show that good approximations of Cr, Cb, and C2 by projections of polyhedra leads

to a good approximation of Cd by a projection of a polyhedron.

Essentially, the problem boils down to an efficient approximation of the quarter

of the disc:

B2 =
{

(ξ, η) : ξ2 + η2 ≤ 1 and ξ, η ≥ 0
}

.

For that, A. Ben-Tal and A. Nemirovski provide the following ingenious construction.

Let us define the sequence of transformations Rn of R2 by

ξ′ = ξ cos
π

2n
+ η sin

π

2n

η′ =
∣∣∣− ξ sin

π

2n
+ η cos

π

2n

∣∣∣.
Geometrically, Rn is a clockwise rotation through an angle of π/2n followed by the re-

flection in the ξ-axis if the obtained point lies in the lower halfplane. If we pick a point

z = (ξ, η) with ξ, η ≥ 0 and apply the sequence of transformations R2, R3, R4, . . . ,

then the resulting sequence of points has its limit on the interval 0 ≤ ξ ≤ 1, η = 0 if

and only if z ∈ B2.

Let us choose a positive integer m. In the space of variables ξk, ηk for k = 1, . . . ,m
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we define the polyhedron Pm by the equations and inequalities

ξk = ξk−1 cos
π

2k
+ ηk−1 sin

π

2k

ηk ≥ −ξk−1 sin
π

2k
+ ηk−1 cos

π

2k

ηk ≥ ξk−1 sin
π

2k
− ηk−1 cos

π

2k
for k = 2, . . . ,m

and

ξ1, η1 ≥ 0, 0 ≤ ξm ≤ 1, ηm ≤ π

2m
.

The projection of Pm onto the coordinates (ξ1, η1) approximates B2 within an error

exponentially small in m.

4.5 A general approximation construction

Let B ⊂ Rd be a convex body we want to approximate by a projection of a

polytope with at most N facets, or, equivalently, by a section of a polytope with at

most N vertices. Here is a general construction.

Without loss of generality, we assume that B contains the origin in its interior and

hence we may view B as the polar of its own polar B◦ ⊂ Rd. Next, we approximate

B◦ by a sufficiently dense finite subset X ⊂ B◦ so that X◦ approximates B well

enough.

Let us consider the space RX of all functions f : X −→ R and let A ⊂ RX be

the affine subspace of all affine functions f : X −→ R whose average value on X is

1. In other words, A consists of the functions of the type f(x) = 〈c, x〉+ α for some

c ∈ Rd and α ∈ R such that, additionally,

1

|X|
∑
x∈X

f(x) = 1.

It is not hard to see that X◦ can be viewed as

X◦ =
{

f ∈ A : f(x) ≥ 0 for all x ∈ X
}

.



28

Specifically, we first define A to be the normal polar dual (see section 1.3.4), with

center of polarity the barycenter of X:

A =

{
linear functions f :

1

|X|
∑
x∈X

f(x) = 0, f(x) ≤ 1 for all x ∈ X

}
.

Then we will reflect A 7→ −A and then shift f 7→ f + 1 to obtain the following

description of the dual that will be the one with which we work:

X◦ =

{
functions f :f is linear, that is f(x) = 〈c, x〉 for some matrix c

non-negative, that is f(x) ≥ 0 for all x ∈ X

has average 1, that is
1

|X|
∑
x∈X

f(x) = 1

}
=
{

f ∈ A : f(x) ≥ 0for all x ∈ X
}

.

For a subset Y ⊂ X let δY ∈ RX be the indicator of Y , that is

δY (x) =


1 if x ∈ Y

0 if x /∈ Y.

We write simply δx instead of δ{x}. Now we can write

X◦ = A ∩ co (δx : x ∈ X) ,

where “co” stands for the conic hull of the set, see section 1.3.1.

Let us choose a family F ⊂ 2X . We define the approximation of BF as

BF = A ∩ co (δF : F ∈ F) .

Clearly, BF is the intersection of an affine subspace with a polyhedron with at most

|F| vertices. One can expect that the finer F gets, the better approximation BF

to B we obtain. For example, we may choose X as the intersection of B with a
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sufficiently dense grid, X =
(
B ∩ (εZ)d

)
and then choose Fk consisting of the sets

of points lying on an affine coordinate subspace of codimension k. Generally, we will

have |Fk| = O
(
dkε−k

)
.

4.6 Approximating the TSP by a projection of a polytope

Using this approach, we can obtain the following approximation result for the

Traveling Salesman Polytope Tn, see section 1.5. Specifically, we let X be the set of

adjacency matrices corresponding to Hamiltonian cycles in the complete graph Kn,

so that each matrix in X is a symmetric 0-1 matrix and |X| = (n−1)!
2

. We recognize

the dual Q of the TSP as

Q =
{

f ∈ A : f(x) ≥ 0 for all x ∈ X
}

where A is as defined in section 4.5. That is, it is an affine shift of the “normal”

dual to X in the affine span of X with center of duality the barycenter of X, so that

dim(Q) = n(n−3)
2

. (By “normal,” we mean all points whose Euclidean inner product

with any point in the TSP is no more than 1). We have [Veo]

Theorem IV.4. Let n ≥ 4 be an integer and k ≤ n1/3 be an integer. There exists a

polytope Pk ⊂ RX (|X| = (n−1)!
2

) with O(n4k) vertices and a constant

ck =
k

n
+ O

(
1

n

)
such that the dual polytope Q = Qn to the TSP polytope Tn has

ck(Q− 1) ⊂ (Pk ∩ A)− 1 ⊂ (Q− 1)

In words: the dual Q of the Traveling Salesman Polytope Tn can be approximated

within a factor of k/n + O(1/n) by a section of a polytope having O(n4k) vertices.

Dualizing, this gives us an approximation of Tn within a factor of k/n + O(1/n) by
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a projection of a polytope with O(n4k) facets. The proof for this Theorem will be

presented in chapter VII.

The family of subsets Fk used for Pk in the construction for Theorem IV.4 use

what we call “path subsets.” We define a path subset to be a subset of edges in the

complete graph on n vertices Kn which could correspond to a subset of a Hamiltonian

cycle in Kn; namely, a subset of edges which correspond to disjoint paths. Given a

path subset Γ with m edges in it, note that the lengths of the disjoint paths in Γ are

a partition π of m. We call this partition the “partition type” of Γ. For a fixed k,

consider the following partitions:

π` = (`− 1, 1) 1 ≤ ` ≤ 2k

πm = (m) 2 ≤ m ≤ 2k + 1

π∗ = (1, 1, . . . , 1︸ ︷︷ ︸
2k 1s

)

Let Π = {π∗, π` : 1 ≤ ` ≤ 2k, πm : 2 ≤ m ≤ 2k + 1}. Now we can describe

the family of subsets Fk:

Fk =
{
F : F is a set of Hamiltonian cycles,

there exists a path subset Γ whose partition type is in Π such that

F = {all Hamiltonian cycles containing Γ}
}

Using this, we can see that some facet-defining inequalities for the TSP lie on the

boundary of Pk.
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4.6.1 Facets on the boundary

Recall from Section 1.5 that some well-known facet defining inequalities for Tn

are the following:

0 ≤ xij ≤ 1 for each i, j(4.3) ∑
j∈U

i∈V−U

xij ≥ 2 for each U ⊂ V with ∅ 6= U 6= V(4.4)

A natural question to ask regarding the approximation construction of the previ-

ous section would be: which (if any) of the above facets lie on the boundary of the

approximating set? In other words, which (if any) of the inequalities defining our

approximating set coincide with one of the above inequalities?

Our construction creates a convex set Pk whose intersection with the space of

linear functions lies inside of the dual of the TSP. Given our definition of the dual

Q, we are looking for a function f ∈ Pk which is linear and for which the set

{x ∈ X : f(x) = 0} is precisely the cycles for which equality holds in one of equations

(4.3)-(4.4).

Fix some k < n1/3. Recall that Pk is the convex hull of functions δF for F ∈ Fk as

described in section 4.6. From above, we know that these functions take the value 1

on cycles x containing the edges in Γ and 0 on cycles not containing the edges in Γ

for some path subset Γ. We will use the notation gΓ for these functions, so that the

function is indexed by the path subset Γ. For the functions used in Pk, Γ contains

edges which correspond to a path of length ` ≤ 2k +1, or a path of length ` ≤ 2k−1

plus a single disjoint edge, or 2k disjoint edges.

Proposition IV.5. The functions defining both the left and right hand sides of the

equations (4.3) lie on the boundary of Pk for k ≥ 1. The functions corresponding to

equations (4.4) lie on the boundary of Pk for any U ⊂ V with |U | ≤ 2k
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Proof. Consider some edge {i, j}. Then the set Γij = {i, j} corresponds to a path of

length 1. We consider the function

fij = gΓij

Note that fij ∈ Pk for k ≥ 1. Here we can see that fij(x) = 0 precisely when the cycle

x does not contain the edge {i, j}. Also, it is clear that fij takes on the same value

for each x containing the edge {i, j}. Thus, we can see that the fijs are each linear

functions which correspond to the facets defined by the left hand sides of equations

(4.3)

Again we consider some edge {i, j}. Now let

Xij = {Γ = {{i, a}, {i, b}} : a, b ∈ V ; a 6= b; a, b 6= j}

Note that Xij consists of sets corresponding to paths of length 2. We define

f ′ij =
∑

Γ∈Xij

gΓ

We can see that f ′ij ∈ Pk for all k ≥ 1. Note that f ′ij is nonzero on the Hamiltonian

cycle x if and only if in x, i is adjacent to two vertices, neither of which is j; i.e. if

and only if i is not adjacent to j in x. Also note that if f ′ij(x) 6= 0, there is exactly

one Γx ∈ Xij such that gΓx(x) 6= 0. Thus, we can see that f ′ij is a constant multiple

of the linear function 1− xij, which corresponds to a facet defined by the right hand

side of equation (4.3).

Hence, we have shown that the facets defined by the left and right hand sides of

equation (4.3) are on the boundary of Pk for k ≥ 1.

Suppose we have some U ⊂ V with ∅ 6= U 6= V , |U | ≤ 2k. For each i < |U |, let

Xi ={Γ : Γ corresponds to a path of length i + 1 with endpoints not in U

and i vertices in U}
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Recall that gΓ(x), Γ ∈ Xi takes on two values; 0 if x does not contain Γ and 1 if x

does contain Γ. For each i < |U | consider the function

hU =

|U |−1∑
i=1

|U | − i

|U |
2
∑
Γ∈Xi

gΓ

Let x be any Hamiltonian cycle. Note that there will be an even number of edges,

say 2` edges, from U to V −U in x. These will correspond to ` paths with all vertices

except the endpoints in U . If we sum over those ` paths the number of vertices that

each of the paths has in U , we will get |U |. Those ` paths will correspond to the

only Γ ∈ Xi such that gΓ(x) 6= 0. Thus, we can see that

hU(x) =
∑
j∈U

i∈V−U

xij − 2

Hence, we can see that for |U | ≤ 2k, the facets corresponding to (4.4) are on the

boundary of Pk.

4.7 Remarks and open questions

Given a series of combinatorially defined polytopes Qn, such as the Traveling

Salesman Polytope Tn, to construct a simpler polytope Pn whose projection approxi-

mates Qn, by now is a well-established technique of “lift and project” in combinatorial

optimization, see Section 1.2. In particular, a remarkable success was achieved in

showing that certain exponentially large (in n) families of facets of certain series

of polytopes Qn can be obtained as projections of only polynomial in n families of

facets of Pn, see [LS91]. However, not much is known about how well the projections

approximate metrically, even though various techniques were compared combinato-

rially. For example, [Lau03] puts both the Lasserre and Sherali-Adams constructions

into the framework of moment matrices, which are matrices indexed by subsets of

V = {1, 2, . . . , n} having the property that the (I, J)-entry depends only on I ∪ J .
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In [Lau03], we also find that the Lasserre heirarchy is a common refinement of the

Sherali-Adams and Lovász-Schrijver heirarchies.

We also note that the authors of [BTN01], while constructing their remarkable

approximation of the Euclidean ball by the projection of a polytope with a small num-

ber of facets (cf. Section 4.4), were motivated by very practical questions. Namely,

they used their approximation to reduce convex quadratic programming problems

to linear programming problems (see [BTN01] for details) and hence use the linear

programming solver available to them to solve quadratic programs.

Some basic questions regarding approximations by projections remain unanswered.

4.7.1 Obstructions to being a projection.

Let Q ⊂ V be a polytope. How can one prove that Q cannot be the projection

of a polytope P with at most N facets? In the case when Q is symmetric and

P is required to be symmetric, a possible argument goes via the type 2 constant,

see Theorem IV.2. Another example is the proof of [Yan91] that Tn cannot be a

projection of a polytope Pn with a polynomial in n number of facets provided the

projection respects the symmetries of Tn. Specifically, suppose π is some permutation

of the vertices in the complete graph Kn. Then π induces a permutation on the

edges, and thus a permutation on their corresponding variables: xij is mapped to

xπ(i)π(j). We say that a polytope Pn over the variables xij and new variables y is

TSP-symmetric if any permutation on the vertices (and thus on the variables xij)

can be extended to a permutation on the variables y so that Pn remains invariant.

The paper [Yan91] shows that there cannot exist a TSP-symmetric polytope Pn with

a polynomial number in n of facets such that a projection of Pn is equal to Tn. In

general, if the lifting P is not required to be symmetric, no viable argument seems

to be known. It would be interesting to find out whether some appropriate notion
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of a non-symmetric type can be of help.

4.7.2 The quality of approximation of a general body

How well can a general d-dimensional convex body B be approximated by the

projection of a polytope with at most N facets? In particular, the following question

seems to be of interest. Suppose that B is symmetric and that the projection of a

polytope P approximates B within a factor of 2. Is it true that in the worst case

the number N of facets of P should be at least exponential in d, N ≥ cd for some

absolute constant c > 1? In Chapter VI we discuss a certain construction which

suggests that maybe the exponential bound can be broken and that we can have

N = O∗
(
c
√

d
)
, where, as usual, ∗ stands for some logarithmic factors.

4.7.3 Approximation of the lp ball

Let p ≥ 1 and let

B(d, p) =
{

(ξ1, . . . , ξd) :
d∑

i=1

ξp
i ≤ 1

}
be the unit ball in the lp norm. One can observe that the first step of the construction

of Ben-Tal and Nemirovski (see section 4.4) can be extended to B(d, p) thus providing

an approximation of B(d, p) within a factor of (1+ ε) by the projection of a polytope

with at most N = O (dε−1) facets. It is not clear whether for a general p one can

replace ε−1 by ln ε−1, though this is definitely the case for p = 1, 2, and +∞.



CHAPTER V

Approximation using the cone of positive semidefinite
quadratic forms

Let W be a finite dimensional real vector space and let S(W ) be the space of all

quadratic forms q : W → R. Define S+(W ) ⊂ S(W ) to be the subspace of positive

semidefinite quadratic forms, that is quadratic forms q : W → R such that q(v) ≥ 0

for all v ∈ W . Membership for S+(W ) can be computed in time polynomial in

dim(W ) in both the real and bit models of computation. Roughly, checking that q

is positive semidefinite can be done by a certain variation of the Sylvester criterion.

Identifying W = Rd, we conclude that q is positive semidefinite if and only if the

form

qε(x) = q(x) + ε
(
ξ2
1 + . . . + ξ2

d

)
is strictly positive definite for all ε > 0. Sylvester’s criterion then implies that the

the d principal minors of qε should be positive for all ε > 0, which, in turn, reduces

to checking that d univariate polynomials in ε are positive for all ε > 0.

Let B be a convex body in a d-dimensional vector space V . We may try to

approximate B by a set X which is an intersection of the cone S+(W ) for some vector

space W and a d-dimensional affine subspace identified with V . This approach has

had success in cases associated to the cut polytope, see Chapter 4 of [DL97]. We

first discuss these cases, before outlining a general approximation construction and

36
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studying this construction in the case of the Traveling Salesman Polytope.

5.1 Approximating the Cut Polytope and its Variations

For n-vectors x = (ξ1, . . . , ξn) and y = (η1, . . . , ηn), let us define the n× n matrix

x⊗ y as the matrix with the (i, j)th entry equal to ξiηj and let Matn be the vector

space of n× n matrices.

Let us identify the space S (Rn) of quadratic forms on Rn with the space of n×n

symmetric matrices. The cut polytope CUTn ⊂ S (Rn) is defined as the convex hull

of all n×n matrices x⊗x for all vectors x = (ξ1, . . . , ξn) with ξi = ±1. As is the case

with the Traveling Salesman Polytope, the membership problem for the cut polytope

is NP-complete, see Chapter 4 of [DL97].

We consider CUTn as a subset of the space S (Rn) of symmetric n× n matrices.

Let A ⊂ S (Rn) be the affine subspace consisting of the matrices with 1’s on the

diagonal. It turns out that the intersection S+ (Rn) ∩A approximates CUTn within

a logarithmic factor with respect to the center at the identity matrix I ∈ S (Rn):

CUTn ⊂ A ∩ S+ (Rn) ⊂ c ln n (CUTn)

for some absolute constant c > 0. The logarithmic factor cannot be improved, see

[AMMN06].

A variation of CUTn is what we call the asymmetric cut polytope ACUTn, defined

as the convex hull of all matrices x ⊗ y where x and y are n-vectors with the coor-

dinates ξi, ηj = ±1. The membership problem for ACUTn is NP-hard (membership

for CUTn is NP-complete and can be achieved by testing membership for ACUTn

and testing rank). It turns out that ACUTn can be tightly approximated by the

projection of a section of a cone of positive semidefinite quadratic forms. Namely,

let A ⊂ S (R2n) be the affine subspace of symmetric 2n × 2n matrices with 1’s on
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the diagonal. Let φ : S (R2n) −→ Matn be the projection

φ

B X

X C

 = X

and let

Qn = φ
(
A ∩ S+

(
R2n
))

In words: Qn is the set of all possible n × n upper right corner submatrices of a

2n × 2n positive semidefinite matrix with 1’s on the diagonal. It is not hard to see

that ACUTn ⊂ Qn. Indeed, the matrix z ⊗ z, where z = (ξ1, . . . , ξn, η1, . . . , ηn) with

ξi, ηj = ±1 is positive semidefinite with 1’s on the diagonal and has the matrix x⊗ y

for x = (ξ1, . . . , ξn) and y = (η1, . . . , ηn) as its upper right corner submatrix.

It turns out that Qn approximates ACUTn within a constant factor:

ACUTn ⊂ Qn ⊂ κACUTn

for some absolute constant κ, called the Grothendieck constant. Its exact value is

not known, but it is known that

1.5708 ≈ π

2
≤ κ ≤ π

2 ln
(
1 +

√
2
) ≈ 1.7822,

see [AMMN06] and [AN06] for survey and recent developments.

We note that the membership problem for the projection of a section of a cone

of positive semidefinite quadratic forms is an instance of semidefinite programming,

which can be solved in polynomial time (in the bit model), though only approx-

imately. That is, suppose X is a projection of a section of the cone of positive

semidefinite quadratic forms. Given an ε > 0, it can be calculated in time polyno-

mial in the input and log(1/ε) whether a point is within an ε distance of X, or a

ball of radius ε around the point is not contained in X, see section 1.9 of [dK02] and

Chapter 3 of [GLS93].
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5.2 General Construction

Let V be a real vector space and let B ⊂ V be a convex body containing the

origin in its interior. We can write B as the polar dual of its polar dual:

B = {x ∈ V : `(x) ≤ 1 for all ` ∈ B◦}

Fix a positive integer k and let Wk be the space of all polynomials of degree at

most k on V ∗. Let us choose a Borel probability measure µ on B◦. To any point

v ∈ V we can associate the quadratic form

qv : Wk → R

defined by

qv(p) =

∫
B◦

(
1− `(v)

)
p2(`)dµ(`) for f ∈ Wk

Clearly, if `(v) ≤ 1 for each ` ∈ B◦, then qv is a positive semidefinite quadratic form

on Wk.

Note that, as v ranges over points in V , the forms qv range over an affine subspace

in the space of quadratic forms on Wk. Thus, we can define an approximating set Xk

for B using a section of the cone of positive semidefinite quadratic forms as follows:

Xk = {v ∈ V : qv ∈ S+(Wk)}

and we immediately have B ⊂ Xk. In order to estimate how well Xk approximates

B, one would need to show that for v 6∈ B which is sufficiently far from B, there is a

polynomial p : V ∗ → R having large values on ` ∈ B◦ for which `(v) > 1 and small

values elsewhere in B◦. In addition, the value of µ{` ∈ B◦ : `(v) > 1} should be

sufficiently large.
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5.2.1 The Dual of a 0-1 Polytope

We note that if B◦ ⊂ Rn is the convex hull of 0-1 vectors, then Xn = B. Indeed,

suppose B◦ = conv(Y ) where Y is a set of 0-1 vectors, and let µ be the probability

measure on B◦ giving each point in Y a weight of 1
|Y | . Let v ∈ Xn so that qv is a

positive semidefinite quadratic form. Let us fix any y ∈ Y . Let I ⊂ {1, 2, . . . , n}

consist of the indices of the entries of y which are 0, and J ⊂ {1, 2, . . . , n} be the

indices of the entries of y which are 1. Then we can see that the degree n polynomial

py(x) =
∏
i∈I

(1− xi)
∏
j∈J

xj

has value 1 on y and 0 on any other vector in Y . Thus, we have

0 ≤ qv(py) =
1

|Y |
∑
x∈Y

(
1− 〈v, x〉

)
p2

y(x) =
1− 〈v, y〉
|Y |

.

Since y was arbitrary, we see that 〈v, x〉 ≤ 1 for each x ∈ Y , so that v ∈ B, giving

us Xn ⊂ B. Since we already had B ⊂ Xn, we see that indeed B = Xn.

5.3 Approximating the Traveling Salesman Polytope using the cone of
Positive Semidefinite Quadratic Forms

From this point on, we fix Y to be the set of vectors corresponding to Hamiltonian

cycles in Kn as described in section 1.5 so that conv(Y ) is the Traveling Salesman

Polytope. Thus, here our vector space is Rn(n−1)/2. Recall that each vector in

Rn(n−1)/2 is indexed by unordered pairs {i, j} where i, j ∈ {1, 2, . . . , n}. For x ∈

Rn(n−1)/2, we use xij and xji interchangeably to denote the entry of x corresponding

to the pair {i, j}. The barycenter of Tn is the vector Z = (zij) where

zij =


2

n−1
if i 6= j

0 if i = j
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and the average value of any affine function on Y is simply its value on Z.

Here, the set B we would like to approximate is the dual of Tn , B = Y ◦ where the

polar dual is with respect to the barycenter Z of Tn. Note that the all ones function:

1(x) = 1 for all x ∈ Y can be written as a linear function, since in the affine span of

Y it corresponds to the inner product with the vector ( 1
n
, 1

n
, . . . , 1

n
). Thus, writing

the polar dual of Tn in the affine span of Y with center of polarity the barycenter of

Y , we have

B =

{
f : Y → R f is linear, f ≤ 1 for all x ∈ Y

1

|Y |
∑
x∈Y

f(x) = 0

}
.

Recall that we defined Wk to be the set of polynomials on Rn(n−1)/2 of degree no

more than k, and keeping our approximating set Xk also in the affine span of Y , we

have

Xk =

{
v ∈ Rn(n−1)/2 : qv(f) =

∫
B◦

(
1− 〈v, x〉

)
f 2(x)dµ(x) ≥ 0 for all f ∈ Wk∑

x∈Y

〈v, x〉 = 0

}
.

Here, we will use the probability measure on B◦ which gives a weight of 1
|Y | to each

point in Y , so that

Xk =

{
v ∈ Rn(n−1)/2 : qv(f) =

1

|Y |
∑
x∈Y

(
1− 〈v, x〉

)
f 2(x) ≥ 0 for all f ∈ Wk

∑
x∈Y

〈v, x〉 = 0

}
.

For ease in notation, we flip our set B 7→ −B and shift each function f 7→ f + 1

to obtain the following description of the dual of Y :

Q =

{
f : Y → R : f is linear, f(x) ≥ 0 for all x ∈ Y,

1

|Y |
∑
x∈Y

f(x) = 1

}
and the following sets Pk (which are the analogues of the Xks) approximating Q:
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Pk =

{
v ∈ Rn(n−1)/2 : qv(f) =

1

|Y |
∑
x∈Y

〈v, x〉 f 2(x) ≥ 0 for all f ∈ Wk

∑
x∈Y

〈v, x〉 = 1

}
.

In words, we recognize the polar dual of the Traveling Salesman Polytope as the set

Q of all nonnegative, linear functions on Y with average value 1 on Y (we note that

by “linear” we mean restrictions of linear functions on Rn(n−1)/2). We approximate Q

by Pk, the set of all linear functions with average value 1 on Y whose corresponding

quadratic form is positive semidefinite. Again, it is straightforward to see Q ⊂ Pk

Note that the function 1 is the center of Q. We have the following [Veoar]:

Theorem V.1. For any n ≥ 9 and any k = 1, 2, . . . , bn
2
c, there exists a constant

ak such that the dual to the Traveling Salesman Polytope on n vertices Q (as just

defined) satisfies

(Q− 1) ⊂ Pk − 1 ⊂ ak(Q− 1)

in which

ak =
n

k
+ αk with |αk| ≤

10

n

By our definition of Q, the Traveling Salesman Polytope Tn is the set of points in

the affine span of Y such that f(x)− 1 ≥ −1 for all f ∈ Q. We define

Rk = {points x in the affine span of Y such that g(x)− 1 ≥ −1 for all g ∈ Pk}

. Then we have

Corollary V.2. Let Tn be the Traveling Salesman Polytope and Z its barycenter.

For any n ≥ 9 and any k = 1, 2, . . . , bn
2
c, there exists a constant ak such that

(Rk − Z) ⊂ Tn − Z ⊂ ak(Rk − Z)
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in which

ak =
n

k
+ αk with |αk| ≤

10

n

Note that the approximation gives us an upper bound on how far Pk is from

Tn. We also note that approximating T )n with respect to its center gives us a new

measure of approximation for the Traveling Salesman Problem: approximation with

respect to the average value. Specifically, suppose that f is a linear objective function

on the Traveling Salesman Polytope. Then using Corollary V.2, we can bound the

difference between the optimal value and average value of f on Tn based on the

difference between the optimal value of f on Rk and the average value of f on Tn.

Specifically, if the difference between the optimal value of f on Rk and the average

value of f on Tn is some amount x, these metric bounds assure that the difference

between the optimal value of f on Tn and the average value of f on Tn is between x

and akx (ak as in the statement of the Corollary).

5.3.1 Facets on the Boundary

Recall from Section 1.5 that each of the following inequalities defines a facet of

the traveling salesman polytope:

0 ≤ xij ≤ 1 for each i, j;(5.1) ∑
j∈U

i∈V−U

xij ≥ 2 for each U ⊂ V with ∅ 6= U 6= V ;(5.2)

∑
j∈U

i∈V−U
{i,j}6∈F

xij −
∑

{k,`}∈F

xk` ≥ 1− |F |

for U ⊂ V, F matching,

|F | ≥ 3 odd, each edge of F

having one endpoint in U.

(5.3)
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and inequalities (5.2) are known as the subtour elimination constraints, while in-

equalities (5.3) are known as the 2-matching constraints.

Any facet of Tn can defined by some linear inequality f(x) ≥ 0 which is unique

up to a scaling. If we scale so that the average value on Y is 1, then we know that

the scaled function must be in Pk. A natural question to ask would be: which (if

any) of the linear functions defining a facet for Tn lie on the boundary of Pk?

Proposition V.3. The functions defining both the left and right hand sides of the

equations (5.1) lie on the boundary of Pk for k ≥ 1. The functions corresponding to

equations (5.2) lie on the boundary of Pk if min{|U |, |V \U |} ≤ k + 1. The functions

corresponding to equations (5.3) lie on the boundary of Pk if |U | + s ≤ k where

|F | = 2s + 1.

Proof. Let hij be the linear function such that hij(x) ≥ 0 corresponds to the right

hand side of inequality (5.1) for edge {i, j}. Consider the degree 1 polynomial pij =

xij. Note that hij(x) is 0 whenever x contains the edge {i, j}, and pij(x) is 0 whenever

x does not contain the edge {i, j}. Thus, we have

qhij
(pij) =

1

|Y |
∑
x∈Y

hij(x)(pij(x))2 = 0

so that hij lies on the boundary of Pk for any k ≥ 1. If we let h′ij be the polynomial

corresponding to the left hand side of inequality (5.1) for the edge {i, j}, then we

can again easily see

qh′ij
(1− pij) =

1

|Y |
∑
x∈Y

h′ij(x)(1− pij(x))2 = 0

so that h′ij lies on the boundary of Pk for any k ≥ 1.

Now suppose that hU is a linear function such that hU(x) ≥ 0 corresponds to the

facet (5.2) for some U ⊂ V, ∅ 6= U 6= V . Let |U | = m and U = {`1, `2, . . . , `m}.
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Consider the degree m− 1 polynomial

pU = x`1`2x`2`3 · · ·x`m−1`m .

Note that hU(x) = 0 whenever x has exactly two edges going out of U , and pU(x) 6= 0

only if x contains the path m1, m2, . . . ,m`, which implies that there are exactly two

edges going out of U . Thus, we have

qhU
(pU) =

1

|Y |
∑
x∈Y

hU(x)p2
U(x) = 0

so that hU is on the boundary of Pk if min{|U ||V \U |} − 1 ≤ k.

In general, suppose we have a linear function f ≥ 0 that defines a facet. Then

if we can construct a polynomial of degree ≤ k such that any cycle for which that

polynomial is nonzero must be on the facet defined by f , qf is on the boundary

of Pk. For example, consider U and F as in (5.3), say U = {`1, `2, . . . , `m} and

F = {{`1, n1}, {`2, n2}, . . . , {`2s+1, n2s+1}} (3 ≤ 2s + 1 ≤ m). Let hU,F be a linear

function such that hU,F ≥ 0 defines the facet in (5.3) corresponding to U and F .

Define the degree s + m polynomial pU,F (x) as follows:

pU,F (x) =
2s+1∏
i=1

x`ini

s∏
j=1

x`2j−1`2j

m−1∏
k=2s+1

x`k`k+1
.

Then whenever pU,F (x) 6= 0, x contains the paths n1`1`2n2, n3`3`4n4, . . . ,

n2s−1`2s−1`2sn2s, n2s+1`2s+1`2s+2`2s+3 · · · `m. This implies that

∑
j∈U

i∈V−U
{i,j}6∈F

xij = 1

and ∑
{`i,ni}∈F

x`i,ni
= 2s + 1 = |F |
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so that hU,F (x) = 0. Thus,

qhU,F
(pU,F ) =

1

|Y |
∑
x∈Y

hU,F (x)p2
U,F (x) = 0

so that hU,F is on the boundary of Pk if k ≥ s + m.

5.3.2 Approximation Appraisal via Eigenvalues

Note that from Theorem V.1, we know that if Q is the dual of Tn, for our first

approximating set P1 we have the bounds

Q− 1 ⊂ P1 − 1 ⊂
(

n +

(
10

n

))
(Q− 1).

A reasonable question to ask is: can we find a scaling factor a � n such that we still

have P1−1 ⊂ a(Q−1)? Using eigenvalues we will see that, if we are only interested

in forcing the subtour elimination constraints (equations (5.2) in section 5.3.1) to be

on or outside the boundary of P1, this can be achieved with a =
√

n (see Corollary

V.5).

We will use the same notation for the subtour elimination constraints that we used

in section 5.3.1, denoting by hU the function corresponding to subset U ⊂ V , where

m = |U | ≤ n
2
. Since we are restricting ourselves here to the first approximating set

P1, we consider the quadratic form qhU
only on the space of polynomials on Rn(n−1)/2

of degree no more than 1.

We firstly note that for any x ∈ Y and any 1 ≤ i ≤ n, the polynomial

2−
∑

1≤j≤n
6=i

xij

has value 0 (this corresponds to the fact that, in any Hamiltonian cycle, each vertex

has exactly two edges incident to it). Thus, for any f : Y → R, we will consider the

vector corresponding to that polynomial to be an eigenvector with eigenvalue 0 for

qf . There are n such linearly independent eigenvectors; one for each vertex.
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Let M be the set of functions corresponding to the subtour elimination constraints,

and suppose we only wanted to have the functions a(M − 1) be outside P1 − 1 or

on its boundary for some a > 0. (Note that this is necessary in order to have

P1 − 1 ⊂ a(Q − 1), as each function in M is on the boundary of Q). This is

equivalent to requiring that, for each function hU , the matrix corresponding to the

quadratic form qf with f = ahU + (1− a)1 has at least 1 zero or negative eigenvalue

(beyond the n zero eigenvalues which each quadratic form is known to have).

We have the following [Veoar]:

Theorem V.4. Let W1 denote the vector space of linear functions on Rn(n−1)/2.

Consider the quadratic form qf : W1 → R with f = ahU + (1− a)1 defined as

qf (p) =
1

|Y |
∑
x∈Y

f(x)p2(x)

For each U ⊂ V |U | = m, 3 ≤ m ≤ n
2
, if n = |V | ≥ 6, then qf has the following

complete set of eigenvalues with their multiplicities:

Eigenvalue Multiplicity

0 n

a 2(m−2)
(n−2)(m−1)

+ (1− a) 2
n−1

m(m−3)
2

a 2(n−m−2)
(n−2)(n−m−1)

+ (1− a) 2
n−1

(n−m)(n−m−3)
2

a2(mn2−nm2−n2+4n−3mn+3m2−4)
(n−2)(n−3)(mn−m2−n+1)

+ (1− a) 2
n−1

(n−m− 1)(m− 1)

a 2(m−2)
(n−3)(m−1)

+ (1− a) 2
n−1

m− 1

a 2(n−m−2)
(n−3)(n−m−1)

+ (1− a) 2
n−1

n−m− 1

α +
√

β 1

α−
√

β 1

where α and β are rational functions in a, m, and n such that if a =
√

n, then for

all m ≤ n
2

we have α−
√

β ≤ 0.

This theorem immediately gives us the following corollary.
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Corollary V.5. Let M be the set of functions corresponding to the subtour elimina-

tion constraints (5.2) for the Traveling Salesman Polytope Tn for all U ⊂ V , |U | ≤ n
2
.

Then we have

M ⊂ P1 ⊂
√

nM

We note that, in Theorem V.4, if we want to force one of the first five nonzero

eigenvalues to be nonpositive for any m ≤ n
2
, we would need a = O(n). If one

calculates the exact expressions for α and β (see chapter VII), one sees that for a

smaller m, a smaller a is required to force the last eigenvalue to be nonpositive. This

corresponds to our intuition that the facets defined by hU for small |U | = m are big

and deep facets, because they contain many vertices.

Corollary V.5 has several possible implications. It could mean that the bound

of n from Theorem V.1 is closer to the real bound, but that we need to look for

functions on the boundary of Q beyond the subtour elimination constraints in order

to see that the bound of n is necessary. Or it could mean that the bound of
√

n is

closer to the real bound, and we have yet to find a way to prove this.

We note that there is a polynomial time separation algorithm for the subtour

elimination constraints [GGL95]. Indeed, an x ∈ Rn(n−1)/2 satisfies the subtour

elimination constraints if and only if the minimum cut for the complete graph with

capacities corresponding to the entries of x is at least 2. The author is unaware of

any known lift constraints whose description is polynomial in n and whose projection

achieves the subtour elimination constraints.



CHAPTER VI

A “soft” approximation of a symmetric convex body

Let B ⊂ V be a symmetric convex body. We identify V ∗ with the subspace of

linear functions in the space C (B) of all continuous functions f : B −→ R. Then

B◦ can be identified with the set of linear functions f : B −→ R such that f(x) ≤ 1

for all x ∈ B.

In this section, we prove the following main result.

Theorem VI.1. Let B ⊂ V be a symmetric d-dimensional convex body and let

C (B) be the space of all continuous functions on B. Then there exists a polytope

R ⊂ C (B) such that the following holds.

1. For all h ∈ R we have

h(x) ≤ 1 for all x ∈ B;

2. For any ` ∈ B◦ there exists a function h ∈ R such that

∣∣`(x)− h(x)
∣∣ ≤ γ`2(x) for all x ∈ B

and some absolute constant γ.

3. The polytope R has at most exp
{

α
√

d ln d
}

vertices for some absolute constant

α.

49



50

If we could claim that the function h in Part (2) of the theorem is linear, then we

must have had h(x) = `(x) in Part (2) and we would have obtained the representation

B◦ = R ∩ V ∗

of B◦ as the intersection of a polytope with at most exp
{

α
√

d ln d
}

vertices and

a subspace V ∗. By duality, that would have implied that B is the projection of a

polytope with at most exp
{

α
√

d ln d
}

facets. In general, however, h is not a linear

function, but, as will follow from the proof, is a piecewise polynomial. If ` ∈ εB◦

for some 0 < ε < 1 then h approximates ` within an error of O (ε2), so the points of

B◦ that are closer to the origin are better approximated. Intuitively, Theorem VI.1

shows that we obtain a set close to B◦ if we slightly “bend” V ∗ and then intersect it

with R.

Proof of Theorem VI.1. Since B is symmetric, we can find an ellipsoid E ⊃ B cen-

tered at the origin such that

1√
d
E ⊂ B ⊂ E.

On the other hand, since an ellipsoid is the image of a ball under a nondegenerate

linear transformation, we an use the results of section 4.4 to approximate the ellipsoid

by the projection of a polytope. This construction can give us a polytope P ⊂ W

with N = O(d) facets and a linear transformation T : W −→ V such that

1

2
T (P ) ⊂ E ⊂ T (P ).

Summarizing,

(6.1)
1

2
√

d
T (P ) ⊂ B ⊂ T (P ).
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Without loss of generality, we assume that P ⊂ W is full-dimensional and contains

the origin in its interior. Suppose that

P =
{

w ∈ W : gi(w) ≤ 1, i = 1, . . . , N
}

, where gi : W −→ R

are linear functions. Let us choose the smallest positive integer k > 2
√

d. For a

multiset I of numbers from 1 to N of cardinality at most k (counting multiplicities),

we let

gI = 1−
∏
i∈I

(1− gi) .

Hence gI : W −→ R are polynomials, deg gI ≤ k. It is immediate that gI(w) ≤ 1 for

all w ∈ P .

Suppose now that ` ∈ B◦, so ` : B −→ R is a linear function such that `(x) ≤ 1

for all x ∈ B. In view of (6.1), we have `(x) ≤ k for all x ∈ T (P ). Let f : W −→ R

be the lifting of ` defined by f(w) = ` (T (w)) for w ∈ W . Hence f : W −→ R is a

linear function and f(w) ≤ k for all w ∈ P . Therefore, k−1f(w) ≤ 1 for all w ∈ P

and hence

k−1f ∈ conv
(
0, gi : i = 1, . . . , N

)
.

Therefore,

(6.2) F = 1−
(
1− k−1f

)k ∈ conv
(
0, gI : |I| ≤ k

)
.

Now, since B symmetric, we have |`(x)| ≤ 1 for all x ∈ B. Therefore, for all w ∈ P

such that T (w) ∈ B, we have |f(w)| ≤ 1 and hence

(6.3) |F (w)− f(w)| ≤ γf 2(w) for all w ∈ P such that T (w) ∈ B.

Now we are ready to define R ⊂ C(B). Let us fix a scalar product in W and

hence the Lebesgue measure on every affine subspace of W . Let us define hI ∈ C(B)
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by

hI(x) = the average value of gI(w) over all w ∈ P ∩ T−1(x).

Let us define R to be the convex hull of the origin and all the functions hI as I ranges

over all multisets with the elements from {1, . . . , N} and of cardinality at most k,

counting multiplicities. Clearly, the number of vertices of R does not exceed Nk, so

Part(3) follows.

Since hI(x) ≤ 1 for all I and all x ∈ B, Part (1) follows as well.

To prove Part (2) we choose

h(x) = the average value of F (w) over all w ∈ P ∩ T−1(x)

where F is defined by (6.2). Clearly, h ∈ R and Part (2) follows by (6.3).

Let ` ∈ V ∗ be a linear function ` : B −→ R. There seems to be no efficient way

to check whether there is a function h ∈ R such that |`(x) − h(x)| ≤ γ`2(x) for all

x ∈ B.

We can relax the condition by replacing the uniform distance by the distance in

the L2(B, µ) norm for some Borel probability measure µ on B:

‖f‖2 =

(∫
B

f 2 dµ

)1/2

.

Then, checking whether for a given ` ∈ V ∗ there is an h ∈ R such that

‖`− h‖2 ≤ γ‖`2‖2

becomes a problem of convex quadratic programming which can be solved roughly

in exp
{

O
(√

d ln d
)}

time (in the bit model).

Let us choose a sufficiently small ε > 0. Let us “accept” a given linear function

` ∈ V ∗ if there exists an h ∈ R such that

‖`− h‖2 ≤ γε‖`‖2
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and “reject” it otherwise. Hence we get an algorithm of exp
{

O
(√

d ln d
)}

complexity

such that given a linear function ` : B −→ R

(i) the algorithm accepts ` if `(x) ≤ ε for all x ∈ B;

(ii) if the algorithm accepts ` then there is a function h : B −→ R with h(x) ≤ 1

for all x ∈ B and ‖`− h‖2 ≤ εγ‖`‖2, where γ is an absolute constant.

This is somewhat similar to the situation of “property testing” in computer science.

That is, we let S be a finite set and P be a subset of functions from S to strings

of 0’s and 1’s of length m. Then roughly, given a a function f from S to strings of

0’s and 1’s of length m and a distance parameter ε, a property tester accepts with

high probability if f ∈ P and accepts with low probability if f is farther than an ε

distance of P . For specifics, see, for example, [Gol99].

One can observe that the estimates of Theorem VI.1 can be extended in a number

of ways. If we know that B can be approximated by an ellipsoid within a factor

ρ ≥ 1 then we can construct a polytope R with the number of vertices not exceeding

exp {αρ ln d}. More generally, we can require that R has not more than exp {αk ln d}

vertices for k ≤ ρ if we replace the condition (2) in Theorem VI.1 by |kρ−1`(x) −

h(x)| ≤ γk2ρ−2`2(x).



CHAPTER VII

Proofs

7.1 Proof of Theorem IV.4

Recall that we consider X to be the set of adjacency matrices corresponding to

Hamiltonian cycles in the complete graph Kn, see section 1.5. Q to be a subset

of RX , and we will be approximating Q by a polytope in RX with not too many

vertices. Thus, we need to describe which functions in RX will serve as our vertices

(the functions of which we will take the convex hull). In section 4.6 we promised

that our vertices would be functions gΓ indexed by “path subsets” Γ of edges from

Kn. Recall that we defined a path subset Γ to be a subset of edges in the complete

graph on n vertices Kn which could correspond to a subset of a Hamiltonian cycle in

Kn; namely, a subset of edges which correspond to disjoint paths. Also, given a path

subset Γ with m edges in it, the lengths of the disjoint paths in Γ are a partition π

of m which we call the “partition type” of Γ. The following lemma implies that the

number of Hamiltonian cycles containing all edges in Γ depends only on k and on

the number of parts in π (i.e., on the partition type of Γ).

Lemma VII.1. Let (k1, k2, . . . , km) be a partition of k (k + m ≤ n) and Kn the

complete graph on n vertices. Let p1, p2, . . . , pm be disjoint paths in Kn of length

k1, . . . , km respectively. Then the number of Hamiltonian cycles in Kn containing all

54
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of paths p1, . . . , pm is:

2m−1(n− k − 1)!.

Proof. Note that the restriction k+m ≤ n assures us that it is possible to find disjoint

paths in Kn of lengths k1, . . . , km. Say path p1 consists of vertices v1, v2, . . . , v` with

vi adjacent to vi+1 for 1 ≤ i ≤ `− 1. Any cycle containing all of the paths p1, . . . , pm

can be written uniquely as a sequence of the vertices, beginning with the sequence

v1v2 . . . v` (i.e., beginning with the path p1 in a designated orientation). Thinking of

the remaining paths as blocks of vertices with 2 orientations and all other vertices

not appearing in a path as blocks with a single orientation, we find that there are

2m−1(n− k− 1)! ways of ordering and orienting the remaining blocks. Each of these

orders and orientations corresponds uniquely to a Hamiltonian cycle containing paths

p1, . . . , pm.

Thus, we shall denote by aπ(Γ) = aπ the number of Hamiltonian cycles containing

all edges in Γ, where Γ has partition type π.

For a path subset Γ, we define

gΓ =
|X|
aπ(Γ)

∑
x∈X
Γ⊂x

[x].

Thus,

gΓ(x) =


|X|

aπ(Γ)
if x contains all edges in Γ,

0 otherwise.

Note that the constant is chosen so that gΓ has an average of 1 on X.

Given a k < n1/3 and a partition π of k, we will now describe a linear operator

Tπ : RX → span{gΓ : Γ is a path subset, |Γ| = k, Γ has partition type π}
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Define

AΓ = {x ∈ X : x contains all the edges in Γ},

Bπ = {Γ a path subset : Γ has partition type π}.

Note that |AΓ| = aπ(Γ) = aπ. For a f ∈ RX , we define

Tπ(f) =
1

|Bπ|
∑
Γ∈Bπ

αΓgΓ

where

αΓ =
1

aπ(Γ)

∑
x∈AΓ

f(x).

In words, the operator Tπ is a weighted sum of the functions gΓ where Γ has

partition type π. The weight of a particular gΓ is

average value of f on x containing Γ

number of gΓ with partition type π
.

Suppose that f is a function which has average value 1 on X. Then the sum of

the above coefficients is:

1

|Bπ|
∑
Γ∈Bπ

1

aπ(Γ)

∑
x∈Aπ(Γ)

f(x)

=
∑
x∈X

|{path subsets in x of partition type π}|
|Bπ|aπ

f(x)

=
1

|X|
∑
x∈X

f(x) = 1.

Thus, we can see that if f is a function which has average value 1 on X, then

Tπ(f) is a convex combination of the gΓs. Our goal is to understand how Tπ acts on

the gst defined as follows:
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gst =
n− 1

2

∑
x contains edge {s,t}

[x]

so that

gst(x) =


(n−1)

2
if x contains edge {s, t},

0 otherwise.

Note that gst is the particular case of gΓ where Γ consists of a single edge.

It is clear that Q (defined in section 4.6) is contained in the affine span of the gst.

Our agenda at this point is to obtain a convex combination T of the linear maps Tπ

and a constant ck = k
n

+ O
(

1
n

)
such that

(7.1) T (gst) = (1− ck)1+ (ck)gst.

The linear map T will act the same way on the affine span of the gst. We will define

Pk to be the convex hull of of the gΓ used in T , and A to be the subspace of affine

functions with average value 1 on X. Because each of the gΓ are nonnegative on X

and have average value 1 on X, we can see that any function in Pk ∩ A will also be

in Q. And since, as mentioned already, Q is contained in the affine span of the gst

and T will act the same way on the affine span of the gst, we will have:

ck(Q− 1) ⊂ Pk ∩ A− 1 ⊂ Q− 1

which will give us Theorem IV.4. Thus, we proceed in finding such a linear map T .

Let π be a partition of k < n1/3. Then

(7.2) Tπ(gst) =
1

|Bπ|
∑
Γ∈Bπ

(
1

aπ(Γ)

∑
x∈AΓ

gst(x)

)
gΓ.

For a partition π = (k1, k2, . . . , km) of k, we want to calculate exactly what the

function Tπ(gst) does. In equation (7.2), we firstly note that gst takes on only values
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0 and n−1
2

, and that gΓ takes on only values 0 and |X|
aπ

. Thus, we can see that

Tπ(gst)(y) =
|X|(n− 1)

aπ2|Bπ|aπ

#

{
pairs (x, Γ) such that x ∈ AΓ, gst(x) =

n− 1

2
,

gΓ(y) =
|X|
aπ

}
=
|X|(n− 1)

aπ2|Bπ|aπ

#

{
x : {s, t} ∈ x, Γ ⊂ x for some Γ ⊂ y

of partition type π

}
.(7.3)

Note that if Γ contains edges corresponding to a path of length ≥ 2 with s and

t as its endpoints, there cannot be a Hamiltonian cycle containing all edges in Γ as

well as the edge {s, t} (recall that k ≤ n1/3, so that surely k ≤ n− 1). If Γ contains

edges corresponding to a path where s is connected to two vertices, neither of which

is t, there cannot be a Hamiltonian cycle containing all edges in Γ as well as the edge

{s, t} (and similarly for t) because any vertex in a Hamiltonian cycle has exactly 2

vertices adjacent to it. There are 4 ways in which a Hamiltonian cycle can contain

all edges in Γ as well as the edge {s, t}:

1. {s, t} is an edge in Γ.

2. s and t are each endpoints of different paths in Γ

3. Exactly one of s or t is an endpoint of a path in Γ, and the other does not

appear in Γ

4. Neither s nor t appear in Γ

Suppose that Γ has partition type π = (k1, . . . , km). If {s, t} ∈ Γ, then Γ∪{{s, t}}

again contains k edges and has a partition type with m parts. If s and t are each

endpoints of separate paths in Γ, then Γ ∪ {{s, t}} contains k + 1 edges and has a

partition type with m − 1 parts. If exactly one of s or t is an endpoint of a path
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in Γ, then Γ ∪ {{s, t}} contains k + 1 edges and has a partition type with m parts.

And if neither s nor t appear in Γ, then Γ ∪ {{s, t}} contains k + 1 edges and has a

partition type with m + 1 parts.

Using Lemma VII.1 and equation (7.3), we can now more explicitly describe the

function Tπ(gst).

Tπ(gst)(y) =
|X|(n− 1)

aπ2|Bπ|aπ

(
|{Γ ⊂ y : Γ has partition π, and {s, t} ∈ Γ}|

· 2m−1(n− k − 1)!

+|{Γ ⊂ y : Γ has partition π, and s, t are each endpoints

of different paths in Γ}| · 2m−2(n− k − 2)!

+|{Γ ⊂ y : Γ has partition π, and exactly one of s, t is an endpoint

of a path in Γ}| · 2m−1(n− k − 2)!

+|{Γ ⊂ y : Γ has partition π and s, t are not in Γ}|

· 2m(n− k − 2)!

)
(7.4)

Thus, we can see that Tπ(gst)(y) depends only on how s and t sit in the paths of

subsets Γ ⊂ y of partition type π. In other words, the number of vertices between s

and t in the Hamiltonian path y determines Tπ(gst)(y). The following lemma shows

that Tπ(gst) takes on no more than k + 1 values on X:

Lemma VII.2. Let π be a partition of the positive integer k ≤ n1/3. Let my be

the number of vertices between s and t in the shorter path between s and t in the

Hamiltonian cycle y. Then for any y such that my ≥ k, the value of Tπ(gst)(y) is the

same.

Thus, this Lemma implies that the range of values taken on by Tπ(gst) can be found
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by evaluating Tπ(gst) on Hamiltonian cycles having 0, 1, . . . , k vertices between s and

t. The proof of this lemma is postponed until section 7.1.1.

We also know how Tπ(gst) acts on y which contain the edge (s, t):

Lemma VII.3. Let π be a partition of k ≤ n1/3 and suppose that y contains the

edge {s, t}. Then Tπ(gst)(y) = k+2
2

+ O
(

1
n2/3

)
.

Again we postpone the proof until section 7.1.1.

We note that Lemma VII.3 is key to the fact that it is feasible to find a convex

combination of linear maps Tπ, resulting in a map T acting as in equation (7.1).

What we will show is that Tπ(gst) is “almost” (1 − a)1 + agst for a ∈ (0, 1). It

isn’t exactly (1 − a)1 + agst because Tπ(gst) does not output the same value on all

Hamiltonian cycles which do not contain the edge {s, t}. But the different values it

takes on for Hamiltonian cycles not containing edge {s, t} are very close to each other.

Thus, we take a convex combination of Tπs for varying partitions π is to “smooth

out” those differences, resulting in a single map T taking on only 2 values: a single

value for Hamiltonian cycles containing {s, t} and a different value for Hamiltonian

cycles not containing {s, t}. This will imply that T (gst) = (1 − a)1 + agst for some

a ∈ (0, 1) (recall, Tπ maps functions with average value 1 to functions with average

value 1). The Tπs used in the map T will involve partitions π of varying numbers.

Using Lemma VII.3, we will find that T (gst) will be k+1
2

(1+O( 1
n1/3 )) on Hamiltonian

cycles containing the edge {s, t}. Thus,

(1− a) + a
n− 1

2
=

k + 1

2

(
1 + O

(
1

n1/3

))
so that

a =
k

n
+ O

(
1

n

)
.
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For each of the following Lemmas, we let yi be a Hamiltonian cycle which has i

vertices between vertex s and vertex t, and let yi+1 be a Hamiltonian cycle which has

i + 1 vertices between vertex s and vertex t. We let n(m) denote the falling factorial:

n(m) = n(n− 1)(n− 2) . . . (n−m + 1).

Lemma VII.4. Let 1 ≤ i ≤ k − 1. If π is the partition (1, 1, . . . , 1︸ ︷︷ ︸
k ones

) then

Tπ(gst)(yi+1)− Tπ(gst)(yi) = (−1)i+1 (n− 1)(n− 2k)(n− 2k − 1)k(i+1)

4(n− k − 1)n(n− k − 1)(i+2)

.

Lemma VII.5. If π is the partition (k − 1, 1) for k ≥ 3 then

Tπ(gst)(yi+1)− Tπ(gst)(yi) =



− (n−1)(n−k−3)
n(n−k−1)2

1 ≤ i ≤ k − 3,

3(n−1)
2n(n−k−1)2

i = k − 2,

(n−1)
2n(n−k−1)2

i = k − 1.

Lemma VII.6. If π is the partition (k) then

Tπ(gst)(yi+1)− Tπ(gst)(yi) =


− (n−1)

n(n−k−1)
1 ≤ i ≤ k − 2,

0 i = k − 1.

The proofs of the above Lemmas are postponed to section 7.1.1. Using all of these

Lemmas, we can prove Theorem IV.4.

Proof of Theorem IV.4. Recall from earlier comments that we need only find a con-

vex combination T of the linear maps Tπ such that

T (gst)(y) =
k + 1

2

(
1 + O

(
1

n1/3

))
on Hamiltonian cycles y containing the edge {s, t}, and such that the number of

functions gΓ used in T is of order n4k.



62

Recall that we assume k < n1/3. The maps Tπ which we will use will correspond

to the partitions

π` = (`− 1, 1) 1 ≤ ` ≤ 2k

πm = (m) 2 ≤ m ≤ 2k + 1

π∗ = (1, 1, . . . , 1︸ ︷︷ ︸
2k 1s

)

The way that T is obtained is as follows: We will use the Tπ`
and Tπm to adjust

Tπ∗ . Recall (from Lemma VII.4) that if y2k is a Hamiltonian cycle with 2k vertices

between s and t and y2k−1 is a Hamiltonian cycle with 2k− 1 vertices between s and

t, then

Tπ∗(gst)(y2k)− Tπ∗(gst)(y2k−1)

= (−1)2k (n− 1)(n− 2(2k))(n− 2(2k)− 1)(2k)(2k)

4(n− 2k − 1)n(n− 2k − 1)(2k+1)

.

Since 2k is even, we find the positive b2k such that

Tπ∗(gst)(y2k) + b2kTπ2k+1(gst)(y2k)− (Tπ∗(gst)(y2k−1) + b2kTπ2k+1(gst)(y2k−1)) = 0

From Lemmas VII.4 and VII.6, we can see that this would imply that b2k ∼
(2k)(2k)

(n−2k−1)(2k−1)
. Thus, since k < n1/3, if yi+1 is a Hamiltonian cycle with i + 1 vertices

between s and t and yi is a Hamiltonian cycle with i vertices between s and t for

i + 1 < 2k, then

Tπ∗(gst)(yi+1) + b2kTπ2k+1(gst)(yi+1)− (Tπ∗(gst)(yi) + b2kTπ2k+1(gst)(yi))

is of the same order as and has the same sign as

Tπ∗(gst)(yi+1)− Tπ∗(gst)(yi).
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In the next step, since 2k − 1 is odd, we find the positive a2k−1 such that

Tπ∗(gst)(y2k−1) + a2k−1Tπ2k−1
(gst)(y2k−1) + b2kTπ2k+1(gst)(y2k−1)

− (Tπ∗(gst)(y2k−2) + a2k−1Tπ2k−1
(gst)(y2k−2) + b2kTπ2k+1(gst)(y2k−2)) = 0

where y2k−1 is a Hamiltonian cycle with 2k− 1 vertices between s and t, and y2k−2 is

a Hamiltonian cycle with 2k − 2 vertices between s and t. From Lemmas VII.4 and

VII.5, we can see that this would imply that a2k−1 ∼
(2k)(2k−1)

(n−(2k−1)−1)(2k−3)
. Thus, since

k < n1/3, if yi+1 is a Hamiltonian cycle with i + 1 vertices between s and t and yi is

a Hamiltonian cycle with i vertices between s and t for i + 1 < 2k − 1, then

Tπ∗(gst)(yi+1) + a2k−1Tπ2k−1
(gst)(yi+1) + b2kTπ2k+1(gst)(yi+1)

− (Tπ∗(gst)(yi) + a2k−1Tπ2k−1
(gst)(yi) + b2kTπ2k+1(gst)(yi))

is of the same order as and has the same sign as

Tπ∗(gst)(yi+1)− Tπ∗(gst)(yi)

We continue this process, next smoothing out the values between Hamiltonian

cycles having 2k − 2 versus 2k − 3 vertices between s and t. Since Tπ∗(gst)(yi+1) −

Tπ∗(gst)(yi) alternates sign, as we continue “smoothing out” Tπ∗(gst), we will alter-

nately use Tπ`
and Tπm . All of the coefficients will be O(n−2/3), except perhaps for

the coefficient of Tπ3 , which could be up to 1
2

+ O(n−1/3) if k is close to n1/3, and

Tπ2 which could be O(n−1/3). Thus, when we divide by the sum of the coefficients

(making a convex combination), the coefficient of Tπ∗ will be at least 1
2

+ O( 1
n1/3 ).

Thus, from Lemma VII.3, we know that the final T will have value k+1
2

(1+O( 1
n(1/3) ))

on Hamiltonian cycles containing the edge {s, t}.

The number of different functions used in T will be the sum of the number of

different functions used in Tπ∗ , Tπ`
, and Tπm . The number of different functions used
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in Tπ∗ is equal to the number of ways of picking 2k disjoint edges from the complete

graph Kn; i.e. the number of path subsets of partition type (1, 1, . . . , 1). To pick 2k

disjoint edges, we can pick 4k numbers from the set {1, 2, . . . , n} in order. The first

two we define as being an “edge”, the second two we define as being an “edge”, etc.

Of course, we get the same set of edges if we picked two numbers which correspond

to an edge in reverse order (i.e., instead of picking i, then i + 1 and defining them

to be an edge, we picked i + 1 and then i and defined them to be an edge). We also

get the same set of edges if two pairs of edges switch places in the ordering (i.e.,

instead of picking in order i, i + 1, i + 2, i + 3 and defining edges to be {i, i + 1} and

{i + 2, i + 3}, we had picked in order i + 2, i + 3, i, i + 1). Thus, we can see that the

number of different functions used in Tπ is

n(4k)

(2k)!22k
= O(n4k)

By similar arguments, we can see that the number of functions used in Tπ`
and

Tπm are of order n` and n`+1 respectively. Thus, the total number of functions used

in T is of order n4k, and we have finished the proof.

7.1.1 Lemmas for Theorem IV.4

Before we prove the Lemmas from section 7.1, we need one more Lemma.

Lemma VII.7. Let m1, . . . ,mp be nonnegative integers. Then the number of ways

of picking m1 paths of length 1, m2 paths of length 2, . . . , mp paths of length p all

from a path of n vertices such that none of the chosen paths intersect is

(n−
∑p

i=1 imi)(
Pp

i=1 mi)∏p
i=1 mi!

Proof of Lemma VII.7. View the path as a string of n−1 uncolored beads, one bead

per edge (as there are n vertices, and thus n − 1 edges in the path). View each of
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the mj paths of length j as a single colored bead of color j, for a total of
∑p

i=1 mi

colored beads.

To choose the sub-paths so that none intersect, we start with a reduced string of

n− 1−
∑p

i=1 imi uncolored beads, corresponding to the number of edges remaining

in the path after all the subpaths are removed. Insert in the reduced string the first

colored bead; there are n−
∑p

i=1 imi locations it can be inserted. Because the colored

paths cannot intersect, no two colored beads can be placed directly adjacent to each

other. Thus, when we insert the second colored bead, there are n −
∑p

i=1 imi − 1

locations it can be inserted. Continuing, we get a total number of(
n−

p∑
i=1

imi

)
(

Pp
i=1 mi)

possible patterns of insertions.

But there are mi! orderings of insertion of the mi colored beads of type i leading

to the same final pattern of beads. Thus, over all i, there is an overcounting by a

final factor of
∏p

i=1 mi!. Thus, the final count is

(n−
∑p

i=1 imi)(
Pp

i=1 mi)∏p
i=1 mi!

Proof of Lemma VII.3. Let π be a partition of k with mi parts of size i, so that∑
i imi = k. Let m =

∑
i mi be the number of parts in π. Let y be a hamiltonian
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cycle which contains the edge {s, t}. Recall equation (7.4):

Tπ(gst)(y) =
|X|(n− 1)

aπ2|Bπ|aπ

(
|{Γ ⊂ y : Γ has partition π, and {s, t} ∈ Γ}|

· 2m−1(n− k − 1)!

+|{Γ ⊂ y : Γ has partition π, and s, t are each endpoints

of different paths in Γ}| · 2m−2(n− k − 2)!

+|{Γ ⊂ y : Γ has partition π, and exactly one of s, t is an endpoint

of a path in Γ}| · 2m−1(n− k − 2)!

+|{Γ ⊂ y : Γ has partition π and s, t are not in Γ}|

· 2m(n− k − 2)!

)
By the same argument as in the proof of Theorem IV.4, we can see that in this case

|Bπ| =
n(

P
i(i+1)mi)

2m
∏

i mi!
=

n(k+m)

2m
∏

i mi!
.

Also, using Lemma VII.1, we can calculate

aπ = 2m−1(n− k − 1)!.
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Thus, we can see that

Tπ(gst)(y) =
(n− 1)(k)(n− 1)

∏
i mi!

2n(k+m)

1

2m−1(n− k − 1)!

(
|{Γ ⊂ y : Γ has

partition π, and {s, t} ∈ Γ}| · 2m−1(n− k − 1)!

+|{Γ ⊂ y : Γ has partition π, and s, t are each endpoints

of different paths in Γ}| · 2m−2(n− k − 2)!

+|{Γ ⊂ y : Γ has partition π, and exactly one of s, t is an endpoint

of a path in Γ}| · 2m−1(n− k − 2)!

+|{Γ ⊂ y : Γ has partition π and s, t are not in Γ}|

· 2m(n− k − 2)!

)
≥

(n− 1)(k)(n− 1)
∏

i mi!

2n(k+m)

1

2m−1(n− k − 1)!

(
|{Γ ⊂ y : Γ has

partition π, and {s, t} ∈ Γ}| · 2m−1(n− k − 1)!

+|{Γ ⊂ y : Γ has partition π and s, t are not in Γ}|

· 2m(n− k − 2)!

)
.

We can count |{Γ ⊂ y : Γ has partition π, and {s, t} ∈ Γ}| as follows: suppose that

mi 6= 0 (this is true for at least some i). Mark a path of length i arbitrarily in the

Hamiltonian cycle y. The number of ways that the remaining paths can be chosen,

using Lemma VII.7, is

(n− (i + 1)−
∑

j 6=i jmj − (mi − 1)i)((mi−1)+
P

j 6=i mj)

(mi − 1)!
∏

j 6=i mj!
=

(n− k − 1)(m−1)

(mi − 1)!
∏

j 6=i mj!
.

Then there are k ways of rotating the cycle y cyclically so that the edge {s, t} lies

in one of our chosen paths. Since the mi paths of length i are indistinguishable, we

need to divide by mi in order to not overcount. Thus, we have found

|{Γ ⊂ y : Γ has partition π, and {s, t} ∈ Γ}| =
k(n− k − 1)(m−1)∏

j mj!
.
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Using Lemma VII.7, we can calculate

|{Γ ⊂ y : Γ has partition π and s, t are not in Γ}| =
(n− 2− k)(m)∏

j mj!

Thus, since we assume k < n1/3, we have shown that

Tπ(gst)(y) ≥
(n− 1)(k)(n− 1)

∏
i mi!

2n(k+m)

1

2m−1(n− k − 1)!

·
(

k(n− k − 1)(m−1)∏
j mj!

· 2m−1(n− k − 1)!

+
(n− 2− k)(m)∏

j mj!
· 2m(n− k − 2)!

)
=

k + 2

2
+ O

(
1

n2/3

)

Proof of Lemma VII.2. Looking at equation (7.4), we see that we can think of

Tπ(gst)(y) as a sum over all Γ ⊂ y with partition type π, each Γ contributing a

certain amount (maybe 0). We need to show that Tπ(gst)(y) is the same for all

Hamiltonian cycles y such that the distance between s and t in y is at least k. We

will do this by showing that if y is a Hamiltonian cycle with d vertices between s

and t, k ≤ d < n
2
, then for a Hamiltonian cycle y′ with d + 1 vertices between s

and t we have Tπ(gst)(y) = Tπ(gst)(y
′). Since the only thing that affects the value of

Tπ(gst)(y) is the number of vertices between s and t in y, we can WLOG consider

the following two cases

y = (1, 2, . . . , n) s = 1, t = d

y′ = (1, 2, . . . , n) s′ = 1, t′ = d + 1

where d ≥ k + 2. (Hence we will show Tπ(gst)(y) = Tπ(gs′t′)(y
′).)

Consider any Γ ⊂ y with partition type π. Consider the exact same Γ ⊂ y′. Note

that, since π is a partition of k and there are at least k + 1 edges from vertex 1 to
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vertex d (at least k + 2 edges from vertex 1 to vertex d + 1), Γ cannot have a path

in it connecting vertex 1 to vertex d (connecting vertex 1 to vertex d + 1). Suppose

that one of the following is true:

1. d and d + 1 are each endpoints of some path in Γ

2. Neither d nor d + 1 appears in Γ

3. Both d and d + 1 are in the middle (not an endpoint) of a path in Γ

Then, in looking at equation (7.4), we see that this particular Γ contributes the same

amount in Tπ(gst)(y) as in Tπ(gs′t′)(y
′). The only cases where Γ contributes differing

amounts in Tπ(gst)(y) and Tπ(gs′t′)(y
′) are:

1. One of d or d + 1 is an endpoint of a path in Γ, and the other does not appear

in Γ

2. One of d or d + 1 is an endpoint of a path in Γ, and the other is in the middle

(not and endpoint) of a path in Γ.

If Γ lies in one of those two cases, it contributes a different amount in Tπ(gst)(y)

versus in Tπ(gs′t′)(y
′). Thus, to each Γ in one of those two cases, we will associate

a unique Γ′ (also in one of those two cases) for which the contribution of Γ in

Tπ(gst)(y) is equal to the contribution of Γ′ in Tπ(gs′t′)(y
′), and the contribution of

Γ′ in Tπ(gst)(y) is equal to the contribution of Γ in Tπ(gs′t′)(y
′). We will show that

if the partner to Γ under this association is Γ′, then the partner to Γ′ under this

association is Γ. Once we have this, we will be done.

Given some Γ in one of the two cases above, consider vertices d− 1 and d + 2. If

vertex d − 1 is not connected to vertex d − 2 and vertex d + 2 is not connected to

vertex d + 3, we map Γ 7→ Γ′, where Γ′ leaves all paths in Γ untouched, except for
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the paths from d− 1 to d + 2 which it “reflects” about the line between d and d + 1,

as demonstrated in the following picture:

◦d−1 − ◦d ◦d+1 ◦d+2 ↔ ◦d−1 ◦d ◦d+1 − ◦d+2

and

◦d−1 − ◦d − ◦d+1 ◦d+2 ↔ ◦d−1 ◦d − ◦d+1 −◦d+2

Since vertex d− 1 is not connected to vertex d− 2 and vertex d + 2 is not connected

to vertex d + 3, this action preserves the partition type so that we obtain a partner

Γ′ again of partition type π. It is also clear that this action indeed produces a Γ′

such that the contribution of Γ in Tπ(gst)(y) is equal to the contribution of Γ′ in

Tπ(gs′t′)(y
′), and the contribution of Γ′ in Tπ(gst)(y) is equal to the contribution of

Γ in Tπ(gs′t′)(y
′). We also note that Γ′ is mapped to Γ under this action.

If d − 1 was connected to d − 2 or if d + 2 was connected to d + 3, then check

to see if d − 2 is connected to d − 3 and if d + 3 is connected to d + 4. If d − 2 is

not connected to d − 3 and d + 3 is not connected to d + 4, we can do the same

“reflecting” action, this time between the paths from d− 2 to d + 3. If not, continue

looking for the first place where we can reflect.

Firstly we note that the first place to reflect is well-defined, and that if this action

associates Γ to Γ′, it associates Γ′ to Γ. Secondly, we note that we will find a “first

place to reflect” before getting down to vertex 1. This is because d ≥ k + 2 and

there are only k edges in Γ. Finally, it is clear that this action indeed produces a

Γ′ such that the contribution of Γ in Tπ(gst)(y) is equal to the contribution of Γ′ in

Tπ(gs′t′)(y
′), and the contribution of Γ′ in Tπ(gst)(y) is equal to the contribution of

Γ in Tπ(gs′t′)(y
′). Thus, we have proven the Lemma.
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The ideas of “reflecting” in the proof of this lemma will be also come into play in

the proof of Lemma VII.4.

Proof of Lemma VII.4. The proof of Lemma VII.2 shows us exactly how to prove

Lemma VII.4. Namely, if we find the places where the association from Γ to Γ′ does

not work, this shows the difference in the value of Tπ(gst) on Hamiltonian cycles

having i vertices between s and t and on Hamiltonian cycles having i + 1 vertices

between s and t. In particular, let π be the partition (1, 1, . . . , 1︸ ︷︷ ︸
k 1s

) and

y = (1, 2, . . . , n) s = 1, t = i + 2

y′ = (1, 2, . . . , n) s′ = 1, t′ = i + 3

where 1 ≤ i < k − 1. (Then y has i vertices between s and t, y′ has i + 1 vertices

between s and t). Then each path subset Γ of partition type π can be associated to a

Γ′ just as in the proof of Lemma VII.2, unless we have something like the following:

◦1 − ◦2 ◦3 − ◦4 . . . ◦i+1 − ◦i+2 ◦i+3 ◦i+4 − ◦i+5 . . . ◦2i+2 −◦2i+3(7.5)

or

◦1 ◦2 − ◦3 ◦4 − ◦5 . . . ◦i − ◦i+1 ◦i+2 ◦i+3 − ◦i+4 . . . ◦2i+3 −◦2i+4(7.6)

in the case of i even or

◦1 − ◦2 ◦3 − ◦4 . . . ◦i − ◦i+1 ◦i+2 ◦i+3 − ◦i+4 . . . ◦2i+2 −◦2i+3(7.7)

or

◦1 ◦2 − ◦3 ◦4 − ◦5 . . . ◦i+1 − ◦i+2 ◦i+3 ◦i+4 − ◦i+5 . . . ◦2i+3 −◦2i+4(7.8)

in the case of i odd.

Thus, we can see that the difference between Tπ(gst)(y) and Tπ(gs′t′)(y
′) is simply

the difference in the contribution of each path subset Γ which does not have a valid
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partner to which it can map (i.e., if Γ corresponds to one of the above cases). Thus,

in looking at equation (7.4) and using the notation of Lemma VII.4, we can see that

Tπ(gs′t′)(y
′)− Tπ(gst)(y) is

|X|(n− 1)

aπ2|Bπ|aπ

(
|{Γ in case of (7.6) and Γ contains edge{1, n}}|

· 2k−2(n− k − 2)!

+|{Γ in case of (7.6) and Γ does not contain edge {1, n}

or Γ in case of (7.5)}| · 2k−1(n− k − 2)!

−|{Γ in case of (7.5)}| · 2k−2(n− k − 2)!

−|{Γ in case of (7.6) and Γ contains edge {1, n}}| · 2k−1(n− k − 2)!

−|{Γ in case of (7.6) and Γ does not contain edge {1, n}}|

· 2k(n− k − 2)!

)
when i is even and

|X|(n− 1)

aπ2|Bπ|aπ

(
|{Γ in case of (7.7)}| · 2k−2(n− k − 2)!

+|{Γ in case of (7.8) and Γ contains edge {1, n}}| · 2k−1(n− k − 2)!

+|{Γ in case of (7.8) and Γ does not contain edge {1, n}}|

· 2k(n− k − 2)!

−|{Γ in case of (7.8) and Γ contains edge {1, n}}| · 2k−2(n− k − 2)!

−|{Γ in case of (7.8) and Γ does not contain edge {1, n}

or Γ in case of (7.7)}| · 2k−1(n− k − 2)!)
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when i is odd.

Using Lemma VII.7, we can actually calculate these differences. In the case of i

even, we have

|X|(n− 1)

aπ2|Bπ|aπ

(
(n− (2i + 5)− (k − i− 2))(k−i−2)

(k − i− 2)!
2k−2(n− k − 2)!

+

(
(n− (2i + 4)− (k − i− 1))(k−i−1)

(k − i− 1)!

+
(n− (2i + 3)− (k − i− 1))(k−i−1)

(k − i− 1)!

)
· 2k−1(n− k − 2)!

−
(n− (2i + 3)− (k − i− 1))(k−i−1)

(k − i− 1)!
2k−2(n− k − 2)!

−
(n− (2i + 5)− (k − i− 2))(k−i−2)

(k − i− 2)!
2k−1(n− k − 2)!

−
(n− (2i + 4)− (k − i− 1))(k−i−1)

(k − i− 1)!
2k(n− k − 2)!

)
(7.9)

and in the case of i odd we have

|X|(n− 1)

aπ2|Bπ|aπ

(
(n− (2i + 3)− (k − i− 1))(k−i−1)

(k − i− 1)!
2k−2(n− k − 2)!

+
(n− (2i + 5)− (k − i− 2))(k−i−2)

(k − i− 2)!
2k−1(n− k − 2)!

+
(n− (2i + 4)− (k − i− 1))(k−i−1)

(k − i− 1)!
2k(n− k − 2)!

)
−

(n− (2i + 5)− (k − i− 2))(k−i−2)

(k − i− 2)!
2k−2(n− k − 2)!

−
(

(n− (2i + 4)− (k − i− 1))(k−i−1)

(k − i− 1)!

−
(n− (2i + 3)− (k − i− 1))(k−i−1)

(k − i− 1)!

)
· 2k−1(n− k − 2)!

)
(7.10)

Thus, to calculate these values, all we have left is to compute the values of |X|,

aπ, and |Bπ|. We have already identified that |X|, the number of Hamiltonian cycles

in the complete graph on n vertices Kn, is (n−1)!
2

. Recall that |Bπ| is the number

of path subsets of partition type π. By the same argument used in the proof of
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Theorem IV.4, we have:

|Bπ| =
n(2k)

2kk!

Finally, recall that aπ is the number of Hamiltonian cycles containing all edges

in a path subset Γ of partition type π. Then from Lemma VII.1, we know that for

π = (1, 1, . . . , 1︸ ︷︷ ︸
k 1s

), aπ = 2k−1(n− k − 1)!. Plugging all of these into equations (7.9)

and (7.10), we find that for i even we have

(n− 1)(k)(n− 1)k!

n(2k)(n− k − 1)4

(
(n− (2i + 5)− (k − i− 2))(k−i−2)

(k − i− 2)!

+
(n− (2i + 4)− (k − i− 1))(k−i−1)

(k − i− 1)!
2

+
(n− (2i + 3)− (k − i− 1))(k−i−1)

(k − i− 1)!
2

−
(n− (2i + 3)− (k − i− 1))(k−i−1)

(k − i− 1)!

−
(n− (2i + 5)− (k − i− 2))(k−i−2)

(k − i− 2)!
2

−
(n− (2i + 4)− (k − i− 1))(k−i−1)

(k − i− 1)!
4

)
=

(n− 1)(k)(n− 1)k!

n(2k)(n− k − 1)4

(
− 2

(n− k − i− 3)(k−i−1)

(k − i− 1)!

+
(n− k − i− 2)(k−i−1)

(k − i− 1)!

−
(n− k − i− 3)(k−i−2)

(k − i− 2)!

)

(7.11) = −
(n− 1)(n− 2k)(n− 2k − 1)k(i+1)

4(n− k − 1)n(n− k − 1)(i+2)
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and for i odd we have

(n− 1)(k)(n− 1)k!

n(2k)(n− k − 1)4

(
(n− (2i + 3)− (k − i− 1))(k−i−1)

(k − i− 1)!

+
(n− (2i + 5)− (k − i− 2))(k−i−2)

(k − i− 2)!
2

+
(n− (2i + 4)− (k − i− 1))(k−i−1)

(k − i− 1)!
4

−
(n− (2i + 5)− (k − i− 2))(k−i−2)

(k − i− 2)!

−
(n− (2i + 4)− (k − i− 1))(k−i−1)

(k − i− 1)!
2

−
(n− (2i + 3)− (k − i− 1))(k−i−1)

(k − i− 1)!
2

)
=

(n− 1)(k)(n− 1)k!

n(2k)(n− k − 1)4

(
2
(n− k − i− 3)(k−i−1)

(k − i− 1)!

−
(n− k − i− 2)(k−i−1)

(k − i− 1)!

+
(n− k − i− 3)(k−i−2)

(k − i− 2)!

)

(7.12) =
(n− 1)(n− 2k)(n− 2k − 1)k(i+1)

4(n− k − 1)n(n− k − 1)(i+2)

and we have finished our proof.

Proof of Lemma VII.5. Recall that here π = (k − 1, 1) and k ≥ 3. In this case, we
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can actually calculate the value of Tπ(gst) on any Hamiltonian cycle. Recall that

Tπ(gst)(y) =
|X|(n− 1)

aπ2|Bπ|aπ

(
|{Γ ⊂ y : Γ has partition π, and {s, t} ∈ Γ}|

· 2m−1(n− k − 1)!

+|{Γ ⊂ y : Γ has partition π, and s, t are each endpoints

of different paths in Γ}| · 2m−2(n− k − 2)!

+|{Γ ⊂ y : Γ has partition π, and exactly one of s, t is an endpoint

of a path in Γ}| · 2m−1(n− k − 2)!

+|{Γ ⊂ y : Γ has partition π and s, t are not in Γ}|

· 2m(n− k − 2)!

)
(7.13)

Using the same argument used in the proof of Theorem IV.4, we can calculate

|Bπ| =
n(k+2)

4

From Lemma VII.1 we can calculate

aπ = 2(n− k − 1)!

Suppose that yi has i vertices between s and t for 1 ≤ i ≤ k−2. Then, using Lemma

VII.7 and counting all the ways that the different intersection patterns described in

(7.13) can occur, we calculate

Tπ(gst)(yi) =
4(n− 1)(n− 1)!

16n(k+2)(n− k − 1)!(n− k − 1)!
(4[(n− k − 2)!] + (2(n− k − 3)

+ 2(n− k − i− 2) + 2(n− k − i− 1))[2(n− k − 2)!]

+ ((i− 1)(n− k − i− 1) + (n− k − i− 2)(n− k − i− 3))

· [4(n− k − 2)!)]

=
n− 1

2n(n− k − 1)

2n2 − (4k + 2i + 6)n + 2k2 + 2ik + 6i + 6k + 4

n− k − 1
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Suppose yk−1 has k − 1 vertices between s and t. Then we calculate

Tπ(gst)(yk−1) =
4(n− 1)(n− 1)!

16n(k+2)(n− k − 1)!(n− k − 1)!
(6[(n− k − 2)!] + (2(n− k − 3)

+ 2(n− k − 2) + 2(n− 2k) + 2(n− 2k − 1))[2(n− k − 2)!]

+ ((k − 2)(n− 2k) + (n− 2k − 1)(n− 2k − 2))[4(n− k − 2)!])

=
n− 1

2n(n− k − 1)

2n2 − (6k + 2)n + 4k2 + 8k − 5

n− k − 1

Finally, suppose that yk has k vertices between s and t. Then we calculate

Tπ(gst)(yk) =
4(n− 1)(n− 1)!

16n(k+2)(n− k − 1)!(n− k − 1)!
(8[(n− k − 2)!] + (4(n− k − 3)

+ 4(n− 2k − 1))[2(n− k − 2)!] + ((k − 1)(n− 2k − 1)

+ (n− 2k − 2)(n− 2k − 3) + (n− k − 3))[4(n− k − 2)!])

=
n− 1

2n(n− k − 1)

2n2 − (6k + 2)n + 4k2 + 8k − 4

n− k − 1

The proof now follows.

Proof of Lemma VII.6. Recall that here π = (k). Again we can calculate the value

of Tπ(gst) on any Hamiltonian cycle. Suppose that yi has i vertices between s and t
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for 1 ≤ i ≤ k − 1. Recall that

Tπ(gst)(y) =
|X|(n− 1)

aπ2|Bπ|aπ

(
|{Γ ⊂ y : Γ has partition π, and {s, t} ∈ Γ}|

· 2m−1(n− k − 1)!

+|{Γ ⊂ y : Γ has partition π, and s, t are each endpoints

of different paths in Γ}| · 2m−2(n− k − 2)!

+|{Γ ⊂ y : Γ has partition π, and exactly one of s, t is an endpoint

of a path in Γ}| · 2m−1(n− k − 2)!

+|{Γ ⊂ y : Γ has partition π and s, t are not in Γ}|

· 2m(n− k − 2)!

)
(7.14)

Using the same argument used in the proof of Theorem IV.4, we can calculate

|Bπ| =
n(k+1)

2

From Lemma VII.1 we can calculate

aπ = (n− k − 1)!

Thus, using Lemma VII.7 and counting all the ways that the different intersection

patterns described in (7.14) can occur, we calculate

Tπ(gst)(yi) =
2(n− 1)(n− 1)!

4n(k+1)(n− k − 1)!(n− k − 1)!
(2[(n− k − 2)!]

+ (n− k − i− 2)[2(n− k − 2)!])

=
(n− 1)(n− k − i− 1)

n(n− k − 1)
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Suppose yk has k vertices between s and t. Then we calculate

Tπ(gst)(yk) =
2(n− 1)(n− 1)!

4n(k+1)(n− k − 1)!(n− k − 1)!
(4[(n− k − 2)!]

+ (n− 2k − 2)2[(n− k − 2)!])

=
(n− 1)(n− 2k)

n(n− k − 1)

The proof now follows.

7.2 Proof of Theorem V.1

In order to prove theorem V.1, the question we must address is: how far is Pk

from Q? In other words, given a function f ∈ Pk, that is, a function defining a

positive semidefinite quadratic form via

qf (h) =
1

|Y |
∑
x∈Y

f(x)h2(x) for h ∈ Wk

where f is a linear function with average value 1 on Y , how negative can the values

of f on Y be? The following Lemma gives us a bound:

Lemma VII.8. Fix y ∈ Y and f ∈ Pk so that f is a linear function with aver-

age value 1 on Y and qf is positive semidefinite. Suppose that we find polynomials

p1, . . . , pm of degree k such that pi takes on only values 0 or 1 and there exist positive

constants bk < ck such that for any i, j ∈ {1, 2, . . . n}, i 6= j,

∑
x∈Y :{i,j}∈x

m∑
i=1

pi(x) =


bk if {i, j} 6∈ y,

ck if {i, j} ∈ y.

Then

− bk(n− 1)

2(ck − bk)
≤ f(y).
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Proof. Let f ∈ Pk so that f : Y → R is linear function with average value 1 on Y .

Let us fix y ∈ Y . For each i < j, we define the vector eij = (εst) ∈ Rn(n−1)/2 as

follows:

εst =


1 if {s, t} = {i, j},

0 otherwise.

Note that each x ∈ Y can be written as a sum of the vectors eij (i < j) for which

{i, j} is an edge in x. Each eij will appear in exactly (n− 2)! different x ∈ Y . Thus,

the fact that f has average 1 on Y tells us:

1 =
2

(n− 1)!

∑
x∈Y

f(x)

=
2

(n− 1)!

∑
x∈Y

f

 ∑
{i,j}∈x,i<j

eij


=

2

(n− 1)!

∑
i<j

f(eij)(n− 2)!

=
∑
i<j

2

n− 1
f(eij)

which gives us

(7.15)
n− 1

2
− f(y) =

∑
{i,j}6∈y

f(eij)

for any particular y ∈ Y .

Since f ∈ Pk, the form qf is positive semidefinite, so for any polynomial p(x) we

can write the inequality

0 ≤ qf (p) =
2

(n− 1)!

∑
x∈Y

f(x)p2(x)

which implies

0 ≤
∑
x∈Y

f(x)p2(x) =
∑
x∈Y
i<j

{i,j}∈x

f(eij)p
2(x).
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Now assuming we have pi as stated in the Lemma, for each k we find that

0 ≤
∑
x∈Y
i<j

{i,j}∈x

f(eij)p
2
`(x) =

∑
x∈Y
i<j

{i,j}∈x

f(eij)p`(x) for ` = 1, 2, . . . m

so that using (7.15) we have

0 ≤
∑
x∈Y
i<j

{i,j}∈x

m∑
`=1

f(eij)p`(x) = ck

∑
{i,j}∈y

f(eij) + bk

∑
{i,j}6∈y

f(eij)

= ckf(y) + bk(
n− 1

2
− f(y))

which then implies

− bk(n− 1)

2(ck − bk)
≤ f(y).

We note that Lemma VII.8 only gives a bound on how negative a function f ∈ Pk

can be, if we can find polynomials pi satisfying the assumptions. It may be that, in

fact, f is entirely nonnegative. Picking a particular set of polynomials, we will prove

the following:

Proposition VII.9. Let us fix y ∈ Y and f ∈ Pk. If n is even, then

−n

k
+ 1− n(k − 1)

k(n2 − kn− 3n + k + 3)
≤ f(y).

If n is odd then

−n

k
+ 1− n(k − 1)

k(n2 − nk − 4n + 4 + 2k)
≤ f(y).

Proof of Proposition VII.9. We will use Lemma VII.8. First we need to describe the

polynomials which we will use. Note that in the Hamiltonian cycle y, depending on

whether n is either even or odd, there are either two or n different subsets of bn
2
c
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disjoint edges in y. For each such maximum-size matching Γ of y and each I ⊂ Γ of

cardinality k, we define:

pI,Γ =
∏

{i,j}∈I

xi,j.

In words, pI,Γ is the monomial corresponding to k disjoint edges which are a subset

of some maximum-size matching of y. Note that each pI,Γ takes on only values 0 or

1. In order to use Lemma VII.8, we will need to calculate

(7.16)
∑
I,Γ

∑
x:{i,j}∈x

pI,Γ(x)

where in the first sum Γ runs over all maximum-size matchings of y, and I runs over

all k-element subsets of Γ. We note that these polynomials were chosen with Lemma

VII.8 in mind; namely so that for each edge {i, j}, (7.16) has only two different

values: one value if {i, j} 6∈ y and another value if {i, j} ∈ y.

Suppose that n is even. Then y has two maximum-size matchings, Γ1 and Γ2. Note

that when we calculate (7.16), we are simply counting the number of Hamiltonian

cycles containing both some I ⊂ Γ` of size k and the edge {i, j}. Note that in each

of Γ1 and Γ2, for each i ∈ {1, 2, . . . , n}, there is exactly one edge incident to vertex

i. If {i, j} 6∈ y, the edge which is incident to i and the edge which is incident to j

are distinct. If {i, j} ∈ y then {i, j} is in one of Γ1 or Γ2.

Let us pick some edge {i, j} 6∈ y. Then for each of the maximum-size matchings

Γ1 and Γ2 there are
(

n/2−2
k−2

)
subsets I of size k containing the edge incident to i and

the edge incident to j. For such subsets I, I ∪ {i, j} consists of k− 1 distinct paths,

k − 2 of which are of length 1, and 1 of which is of length 3.

There are 2
(

n/2−2
k−1

)
subsets I of size k containing exactly one of the edges which are

either incident to i or to j. For such subsets I, I ∪{i, j} consists of k distinct paths,

k − 1 of which are of length 1, 1 of which is of length 2. Lastly, there are
(

n/2−2
k

)
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subsets I of size k containing neither the edge incident to i nor the edge incident to

j. For such subsets I, I ∪ {i, j} consists of k + 1 distinct paths, each of length 1.

Thus, from Lemma VII.1, we can see that if {i, j} 6∈ y then we can calculate (7.16)

(which we denote f1(n, k)) to be

f1(n, k) =
∑
I,Γ

∑
x:{i,j}∈x

pI,Γ(x)

= 2

[(
n
2
− 2

k − 2

)
2k−2(n− k − 2)! + 2

(
n
2
− 2

k − 1

)
2k−1(n− k − 2)!

+

(
n
2
− 2

k

)
2k(n− k − 2)!

]
.(7.17)

Recall that if {i, j} ∈ y, exactly one of Γ1 or Γ2 contains the edge {i, j}, say Γ1

does. Then Γ2 contains 1 edge incident to i, and a disjoint edge incident to j. By

arguments similar to those above, and again using Lemma VII.1, we can see that if

{i, j} ∈ y then we can calculate (7.16) (which we denote f2(n, k)) to be

f2(n, k) =
∑
I,Γ

∑
x:{i,j}∈x

pI,Γ(x)

=

(
n
2
− 1

k − 1

)
2k−1(n− k − 1)! +

(
n
2
− 1

k

)
2k(n− k − 2)!

+

(
n
2
− 2

k − 2

)
2k−2(n− k − 2)! + 2

(
n
2
− 2

k − 1

)
2k−1(n− k − 2)!

+

(
n
2
− 2

k

)
2k(n− k − 2)!.(7.18)

Thus, using these calculations and Lemma VII.8, we see that if n is even and

f ∈ Pk then

−(n− 1)

2

f1(n, k)

f2(n, k)− f1(n, k)

= −n

k
+ 1− n(k − 1)

k(n2 − kn− 3n + k + 3)
≤ f(y).
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Now suppose that n is odd. Then y has n maximum-size matchings, Γ1, . . . , Γn,

where Γi does not have an edge incident to vertex i.

Note that for each i ∈ {1, 2, . . . , n}, and each Γ`, ` 6= i, there is exactly one edge

incident to i. If {i, j} 6∈ y and i, j 6= `, then in Γ` the edge incident to i and the edge

incident to j are distinct.

If {i, j} ∈ y then {i, j} is in n−1
2

of the Γj’s. In n−1
2
− 1 of the Γj’s the edge

incident to i and the edge incident to j are distinct. And in Γj, there is only an edge

incident to i, in Γi there is only an edge incident to j.

Let us pick some edge {i, j} 6∈ y. Then for the maximum-size matchings Γ`, ` 6= i, j

there are
(
(n−1)/2−2

k−2

)
subsets I of size k containing the edge incident to i and the edge

incident to j. For such subsets I, I ∪ {i, j} consists of k − 1 disjoint paths, k − 2

of which are of length 1, 1 of which is of length 3. There are 2
(
(n−1)/2−2

k−1

)
subsets I

of size k containing exactly one of the edges which are either incident to i or j. For

such subsets I, I ∪ {i, j} consists of k disjoint paths, k − 1 of which are of length

1, 1 of which is of length 2. And there are
(
(n−1)/2−2

k

)
subsets I of size k containing

neither the edge which incident to i nor the edge incident to j. For such subsets I,

I ∪ {i, j} consists of k + 1 disjoint paths, each of length 1.

In Γi, there are
(
(n−1)/2−1

k−1

)
subsets I of size k containing the edge incident to j

(I ∪ {i, j} consisting of k − 1 paths of length 1, 1 path of length 2), and
(
(n−1)/2−1

k

)
subsets I of size k not containing the edge incident to j (I ∪ {i, j} consisting of

k + 1 paths of length 1). Similarly, in Γj, there are
(
(n−1)/2−1

k−1

)
subsets I of size k

containing the edge incident to i (I ∪ {i, j} consisting of k − 1 paths of length 1, 1

path of length 2), and
(
(n−1)/2−1

k

)
subsets I of size k not containing the edge incident

to i (I∪{i, j} consisting of k+1 paths of length 1). Recall that in calculating (7.16),

we are simply counting the number of Hamiltonian cycles containing both some I of
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size k and the edge {i, j}. Thus, from Lemma VII.1, we can see that if {i, j} 6∈ y

then we can calculate (7.16) (which we denote g1(n, k)) to be

g1(n, k) =
∑
I,Γ

∑
x:{i,j}∈x

pI,Γ(x)

= (n− 2)

[(
n−1

2
− 2

k − 2

)
2k−2(n− k − 2)! + 2

(
n−1

2
− 2

k − 1

)
2k−1(n− k − 2)!

+

(
n−1

2
− 2

k

)
2k(n− k − 2)!

]
+2

[(
n−1

2
− 1

k − 1

)
2k−1(n− k − 2)! +

(
n−1

2
− 1

k

)
2k(n− k − 2)!

]
.(7.19)

Recall that if {i, j} ∈ y, n−1
2

of the Γ`’s contain the edge {i, j}, n−1
2
−1 of the Γ`’s

have the edge incident to i and the edge incident to j being distinct, Γj does not

have an edge incident to j and Γi does not have an edge incident to i. By arguments

similar to those above, and again using Lemma VII.1, we find that for {i, j} ∈ y we

can calculate (7.16) (which we denote g2(n, k)) to be

g2(n, k) =
∑
I,Γ

∑
x:{i,j}∈x

pI,Γ(x)

=
n− 1

2

[(
n−1

2
− 1

k − 1

)
2k−1(n− k − 1)! +

(
n−1

2
− 1

k

)
2k(n− k − 2)!

]
+

(
n− 1

2
− 1

)[(
n−1

2
− 2

k − 2

)
2k−2(n− k − 2)! + 2

(
n−1

2
− 2

k − 1

)
2k−1(n− k − 2)!

+

(
n−1

2
− 2

k

)
2k(n− k − 2)!

]
+2

[(
n−1

2
− 1

k − 1

)
2k−1(n− k − 2)! +

(
n−1

2
− 1

k

)
2k(n− k − 2)!

]
.(7.20)

Thus, using these calculations and Lemma VII.8, we see that if n is odd and

f ∈ Pk then

−(n− 1)

2

g1(n, k)

g2(n, k)− g1(n, k)

= −n

k
+ 1− n(k − 1)

k(n2 − nk − 4n + 4 + 2k)
≤ f(y).
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Now we can prove Theorem V.1:

Proof of Thm V.1. Recall that we assume n ≥ 9 and bn
2
c ≥ k. Note that both

n(k − 1)

k(n2 − kn− 3n + k + 3)
and

n(k − 1)

k(n2 − nk − 4n + 4 + 2k)

are bounded above in absolute value by c
n

for an absolute constant c (which can, for

example, be 10). Thus, from Proposition VII.9 we know that there exists ak = n
k
+αk

with |αk| ≤ c
n

for an absolute constant c such that, if f ∈ Pk, for each y ∈ Y ,

−ak + 1 ≤ f(y). This implies that (f + (ak − 1)1)(y) ≥ 0 for all y ∈ Y . It is clear

that f +(ak−1)1 has average value ak on Y (recall that f has average value 1 on Y ).

It is also clear that f +(ak−1)1 is a linear function on Y (recall that f is linear; the

function 1 corresponds to the inner product with the vector ( 1
n
, 1

n
, . . . , 1

n
)). Thus, we

have f + (ak − 1)1 ∈ akQ. Thus, we have

Q− 1 ⊂ Pk − 1 ⊂ ak(Q− q1).

7.3 Proof of Theorem V.4

Recall that for a function f : Y → R, we considered the quadratic form qf defined

on the vector space Wk of polynomials of degree no more than k on Rn(n−1)/2. Before

we restrict ourselves to k = 1 (so that we consider qf to be only on the space of

linear functions on Rn(n−1)/2), we prove a theorem for general k:

Theorem VII.10. Let f : Y → R be a function with average value 1 on Y :

1

|Y |
∑
x∈Y

f(x) = 1.

Consider the quadratic form qf on Wk. Then
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trace(qf ) =

(
n + k

k

)
.

Proof. We will use the matrix Af associated to this quadratic form with respect to the

orthonormal basis of monomials {1, x12, x13, . . . , xij, . . . , x12x13, . . . }.

The diagonal entries of Af will be

1

|Y |
∑
x∈Y

f(x)
(∏

α∈I

xα

)2

(x)

where I is some multiset of edges of size no more than k. (Thus, for example, the

monomial x2
12x34 corresponds to the multiset {{1, 2}, {1, 2}, {3, 4}} of size 3). Note

that

(∏
α∈I

xα

)2

(x) =


0 if x does not contain all edges in I,

1 if x contains all edges in I.

Thus, the trace of Af is ∑
I

1

|Y |
∑
x∈Y
I⊂x

f(x)

where the first sum is over all multisets I of edges such that |I| ≤ k. For each

Hamiltonian cycle x, there are exactly
(

n+k
k

)
multisets of edges of size no more than

k which are in x. Thus, we can see that

∑
I

1

|Y |
∑
x∈Y
I⊂x

f(x) =
1

|Y |
∑
x∈Y

(
n + k

k

)
f(x)

=

(
n + k

k

)
.

Note that the above proof actually shows that

Trace(Af ) =

(
n + k

k

)( 1

|Y |
∑
x∈Y

f(x)
)
.
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Now we shall restrict ourselves to considering quadratic forms on the space of lin-

ear functions on Rn(n−1)/2. First we inspect the entries of the matrices correspond-

ing to these quadratic forms with respect to the orthonormal basis of monomials

{1, x12, x13, . . . }. Let f be a real valued function on Y and consider a linear function

on Rn(n−1)/2:

p(x) = α0 +
∑

1≤i<j≤n

αijxij.

We note that

qf (p) =
1

|Y |
∑
x∈Y

f(x)p2(x)

=
1

|Y |
∑
x∈Y

f(x)

(
α0 +

∑
1≤i<j≤n

αijxij

)2

=
1

|Y |
∑
x∈Y

f(x)

( ∑
i<j,p<q

αijαpqxijxpq +
∑
i<j

α0αijxij + α2
0

)
=
∑

i<j,p<q

αijαpq

(
1

|Y |
∑
x∈Y

f(x)xijxpq

)
+
∑
i<j

α0αij

(
1

|Y |
∑
x∈Y

f(x)xij

)
+ α2

0

(
1

|Y |
∑
x∈Y

f(x)

)
.

For each x ∈ Y , each term xij is either 1 or 0, depending on whether or not x contains

edge {i, j}. Thus, we can see that the entries of the matrix Af corresponding to qf

are

1

|Y |
∑
x∈Y
I⊂x

f(x)

where I is some 0, 1, or 2 element subset of the edges in Kn.

Recall from section 5.3.1 that for U ⊂ V with m = |U | ≤ n
2
, the subtour elimina-

tion constraint hU can be defined as follows:

(7.21) hU(x) = c

( ∑
u∈U

v∈V−U

xuv − 2

)

where c is chosen so that the average value of hU(x) on Y is 1.
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Thus we see that the entries of AU are

1

|Y |
∑
x∈Y
I⊂x

hU(x) =
1

|Y |
∑
x∈Y
I⊂x

c

( ∑
u∈U

v∈V−U

xuv − 2

)

=
c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
I⊂x

xuv −
∑
x∈Y
I⊂x

2

)
(7.22)

where I is some 0,1, or 2 element subset of the edges.

Remark VII.11. The sum in (7.22) depends only on whether the endpoints of the

edges in I are in U or V − U , and how the edges overlap; it does not depend on the

labels of the vertices. In other words, the sum in (7.22) is invariant under the action

of Sm × Sn−m on the edges in I, where Sm permutes only the indices corresponding

to vertices in U and Sn−m permutes indices corresponding to the vertices in V − U .

The entries of AU are straightforward to compute, and these computations can

be found in Chapter VIII.

We will prove a couple of Lemmas before proving Theorem V.4

Lemma VII.12. Let AU be the matrix corresponding to the quadratic form qhU

acting on the vector space of linear functions on Rn(n−1)/2. Then for each U ⊂ V

|U | = m, 3 ≤ m ≤ n
2
, if n = |V | ≥ 6, AU has the following eigenvectors and

eigenvalues:
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Eigenvalue Eigenvector

0 2−
∑

1≤j≤n
6=i

xij, any 1 ≤ i ≤ n

2(m−2)
(n−2)(m−1)

xij − xjf + xfg − xgi, distinct

i, j, f, g ∈ U

2(n−m−2)
(n−2)(n−m−1)

xpq − xqr + xrs − xsp, distinct

p, q, r, s ∈ V − U

2(m(n−3)(n−m)−(n−2)2)
(n−2)(n−3)(m−1)(n−m−1)

xip−xiq+xjq−xjp, distinct i, j ∈ U ,

distinct q, p ∈ V − U

2(m−2)
(n−3)(m−1)

∑
`∈U
` 6=i,j

(
n−m
m−2

xi` − n−m
m−2

xj`

)
+∑

t∈V−U

(
− xit + xjt

)
, distinct

i, j ∈ U

2(n−m−2)
(n−3)(n−m−1)

∑
t∈V−U
t6=p,q

(
m

n−m−2
xpt − m

n−m−2
xqt

)
+∑

`∈U

(
−xp` +xq`

)
, distinct p, q ∈

V − U

Lemma VII.13. Let A1 be the matrix corresponding to the quadratic form q1 acting

on the vector space of linear functions on Rn(n−1)/2 where 1 is the “all ones function”:

1(x) = 1 for all x ∈ Y . Then A1 has the following eigenvectors and eigenvalues:

Eigenvalue Eigenvector

0 2−
∑

1≤j≤n
6=i

xij, any 1 ≤ i ≤ n

2
n−1

xαβ − xβγ + xγδ − xδα distinct

α, β, γ, δ ∈ V

Proof of Lemma VII.12. Firstly we note that we have already shown that there are

n linearly independent eigenvectors with eigenvalue 0.

Suppose m ≥ 4 and let i, j, f, g be four distinct vertices in U . Consider the vector
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u = xij − xjf + xfg − xgi. Note that the coefficient of 1 in the vector AUu is

(7.23)
c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y

{i,j}⊂x

xuv −
∑
x∈Y

{i,j}⊂x

2

)
− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y

{j,f}⊂x

xuv −
∑
x∈Y

{j,f}⊂x

2

)

+
c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y

{f,g}⊂x

xuv −
∑
x∈Y

{f,g}⊂x

2

)
− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y

{g,i}⊂x

xuv −
∑
x∈Y

{g,i}⊂x

2

)
.

Note that the permutation π = (if) permutes only vertices in U . Thus, by Remark

VII.11, we know that the entries of AU corresponding to I = {ij} and {j, f} are

equal, as are the entries of AU corresponding to I = {f, g} and {i, g}. By inspecting

(7.23), we can see that this implies that (7.23) is equal to 0.

The coefficient of xab in the vector AUu is

(7.24)
c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{a,b},
{i,j}⊂x

xuv −
∑
x∈Y
{a,b},
{i,j}⊂x

2

)
− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{a,b},
{j,f}⊂x

xuv −
∑
x∈Y
{a,b},
{j,f}⊂x

2

)

+
c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{a,b},
{f,g}⊂x

xuv −
∑
x∈Y
{a,b},
{f,g}⊂x

2

)
− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{a,b},
{g,i}⊂x

xuv −
∑
x∈Y
{a,b},
{g,i}⊂x

2

)
.

Again using Remark VII.11, we can see that this implies that (7.24) is 0 for any {a, b}

unless {a, b} is one of {i, j}, {j, f}, {f, g}, or {g, i}. Finally, using the calculations
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found in Chapter VIII, and Lemma VII.1 we calculate that the coefficient of xij is

c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y

{i,j}⊂x

xuv −
∑
x∈Y

{i,j}⊂x

2

)
− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{i,j},

{j,f}⊂x

xuv −
∑
x∈Y
{i,j},

{j,f}⊂x

2

)

+
c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{i,j},

{f,g}⊂x

xuv −
∑
x∈Y
{i,j},

{f,g}⊂x

2

)
− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{i,j},
{g,i}⊂x

xuv −
∑
x∈Y
{i,j},
{g,i}⊂x

2

)

=
n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
2(n−m)(n− 3)! + (m− 2)(n−m)2(n− 3)!

−2(n− 2)!

)
− n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
2(n−m)(n− 4)! + (m− 3)(n−m)2(n− 4)!

−2(n− 3)!

)
+

n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
4(n−m)2(n− 4)! + (m− 4)(n−m)4(n− 4)!

−2 · 2(n− 3)!

)
− n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
2(n−m)(n− 4)! + (m− 3)(n−m)2(n− 4)!

−2(n− 3)!

)
=

2(m− 2)

(n− 2)(m− 1)
.

Similarly, the entry of AUu corresponding to xjf is − 2(m−2)
(n−2)(m−1)

, corresponding to xfg

is 2(m−2)
(n−2)(m−1)

, and corresponding to xgi is − 2(m−2)
(n−2)(m−1)

.

Thus, we have proven the first two rows in our eigenvalue table for Lemma VII.12.

The remaining eigenvalues are proven analogously, by simply inspecting the eigen-

vectors, and using Lemma VII.1 to analyze how AU acts on the eigenvectors. The

rest of these calculations are carried out in Chapter VIII

We note that in the case m = 2, U consists of two vertices, say U = {i, j}. In this
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case, if the polynomial p(x) = xij is nonzero on a Hamiltonian cycle then the function

hU is 0 on that Hamiltonian cycle. Thus, the row and column of AU corresponding

to xij will be 0, giving another eigenvector corresponding to eigenvalue 0. Hence, if

|U | = 2, then hU already lies on the boundary of P1.

Proof of Lemma VII.13. Just as with Lemma VII.12, we simply calculate the action

of A1 on the eigenvectors. Because it is completely analogous, these calculations will

appear also in Chapter VIII.

Proof of TheoremV.4. Here we need to calculate the eigenvectors for the matrix

AU,a = aAU + (1 − a)A1 corresponding to the quadratic form qahU+(1−a)1. Using

Lemmas VII.12 and VII.13, we can see that each eigenvector that we found for AU is

also an eigenvector for A1. For each of eigenvalues that we found, when we calculate

the dimension of the span of the associated eigenvectors, we see that we already

know the following eigenvalues and multiplicities for qahU+(1−a)1:

Eigenvalue Multiplicity

0 n

a 2(m−2)
(n−2)(m−1)

+ (1− a) 2
n−1

m(m−3)
2

a 2(n−m−2)
(n−2)(n−m−1)

+ (1− a) 2
n−1

(n−m)(n−m−3)
2

a2(mn2−nm2−n2+4n−3mn+3m2−4)
(n−2)(n−3)(mn−m2−n+1)

+ (1− a) 2
n−1

(n−m− 1)(m− 1)

a 2(m−2)
(n−3)(m−1)

+ (1− a) 2
n−1

m− 1

a 2(n−m−2)
(n−3)(n−m−1)

+ (1− a) 2
n−1

n−m− 1

Thus, the total number of eigenvalues (with multiplicities) that we know so far is

n +
m(m− 3)

2
+

(n−m)(n−m− 3)

2
+ (n−m− 1)(m− 1)

+(m− 1) + (n−m− 1) =
n(n− 1)

2
− 1
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Since the dimension of the space of linear functions on Rn(n−1)/2 is n(n−1)
2

+ 1, there

are two eigenvalues yet to calculate. From Theorem VII.10, we can already calculate

the trace of aAU + (1− a)A1. Using the same techniques as in the proof of Lemma

VII.12, we can calculate all of the entries of aAU + (1 − a)A1, and use these to

calculate the diagonal entries, and thus the trace of (aAU + (1− a)A1)
2 (also found

in Chapter VIII). Using this information, the remaining two eigenvalues that we find

are

c +
√

d

2(mn3 − n3 − 5mn2 + 6n2 −m2n2 − 11n + 5m2n + 6mn + 6− 6m2)(n− 1)

and

c−
√

d

2(mn3 − n3 − 5mn2 + 6n2 −m2n2 − 11n + 5m2n + 6mn + 6− 6m2)(n− 1)

where

c = 3n4m− 3n4− 2an3− 3m2n3 + 17n3− 14mn3 + 4an2 + 8amn2− 27n2 + 14m2n2

+ 13mn2 − 13m2n− 16amn− 8am2n + 6mn + 2an + 7n− 6m2 + 16am2 − 4a + 6
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and

d =(2− 3n + n2)(162− 72a− 675n + 324mn− 324m2 − 120an3 − 12an5

+ 72an4 + 333m2n3 + 702m3n2 − 288am4 + 252am2n3 + 9n6m2 + 8a2

− 4a2n3 + 4a2n4 + 200a2m4 − 12a2n2 + 4a2n− 136a2m2 − 104a2m2n3

+ 80a2m2n2 − 400a2m3n + 136a2mn + 256a2m3n2 + 24a2m2n4

+ 232a2m2n− 24a2mn4 − 232a2mn2 + 120a2mn3 − 128a2m4n

+ 24a2m4n2 − 48a2m3n3 − 60am2n2 + 576am3n− 360amn− 351m4n

+ 180n5m− 18n6m + 432n4 − 684n4m− 954n3 + 162m4 − 324m3n

− 63m2n5 − 480am3n2 + 12amn5 + 1125n2 + 132an + 360am2 − 522m3n3

+ 261m4n2 − 99n5 + 9n6 − 1026mn2 − 1062m2n2 + 1224mn3 + 1026m2n

− 60am2n4 − 588am2n− 12amn4 + 588amn2 − 228amn3 + 240am4n

− 48am4n2 + 96am3n3 − 18m3n5 + 9n4m4 + 81n4m2 + 162n4m3

− 81n3m4).

We note that if a =
√

n, then for any m ≤ n
2
, the second eigenvalue listed above is

≤ 0.



CHAPTER VIII

Computations

Here we will be computing the values promised for the proof of theorem V.4.

8.1 Entries of AU and A1

Recall that we found that the entries of the matrix AU are

(8.1)
c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
I⊂x

xuv −
∑
x∈Y
I⊂x

2

)

where I could be any 0,1, or 2 element subset of the edges in Kn.

Let us calculate the value of c. Recall that it is chosen so that hU has an average

96
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value of 1 on Y . Thus, using Lemma VII.1, we calculate:

1

|Y |
∑
x∈Y

( ∑
u∈U

v∈V−U

xuv − 2

)

=
2

(n− 1)!

∑
u∈U

v∈V−U

∑
x∈Y

xuv −
2

(n− 1)!

∑
x∈Y

2

=
2

(n− 1)!

∑
u∈U

v∈V−U

#{Hamiltonian cycles containing {u, v}} − 2

=
2

(n− 1)!

∑
u∈U

v∈V−U

(n− 2)!− 2

=
2

(n− 1)!
m(n−m)(n− 2)!− 2

=
2(m(n−m) + 1− n)

n− 1

so that

c =
n− 1

2(m(n−m) + 1− n)
.

Now we can calculate values of entries in AU . For example, consider the entry of

AU whose coordinates correspond to variables xij and xip for i, j ∈ U and p ∈ V −U .

Recall that this entry is calculated in equation (8.1) for I = {{i, j}, {i, p}}. Note

that ∑
u∈U

v∈V−U

∑
x∈Y
I⊂x

xuv

counts the number of Hamiltonian cycles containing the edges {i, j}, {i, p} and some

edge from U to V − U , and ∑
x∈Y
I⊂x

2

is simply 2 times the number of Hamiltonian cycles containing edges {i, j} and {i, p}.

Using Lemma VII.1, we can see ∑
x∈Y
I⊂x

2 = 2(n− 3)!.
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Note that {i, p} is an edge from U to V − U , and as was just stated, Lemma VII.1

tells us that the number of Hamiltonian cycles containing I and edge {i, p} (i.e. the

number of Hamiltonian cycles containing I) is (n− 3)!.

There are m − 1 edges from U to V − U containing vertex p but not vertex i.

One of these edges, namely edge {j, p}, is not in any Hamiltonian cycles containing

I (because n 6= 3). For each of the other edges, there are (n− 4)! Hamiltonian cycles

containing that edge and I.

There are n−m− 1 edges from U to V −U containing vertex i but not vertex p.

However, none of these are in a Hamiltonian cycle containing I, because the vertex

i must have exactly 2 edges incident to it in a Hamiltonian cycle.

There are n−m edges from U to V −U containing vertex j. One of them (again,

edge {j, p}) is not in any Hamiltonian cycle containing I. For each of the other edges,

there are (n− 4)! Hamiltonian cycles containing that edge and I.

And finally, there are (m − 2)(n −m − 1) edges from U to V − U which do not

contain any of vertices i, j, or p. For each of these edges, Lemma VII.1 tells us that

there are 2(m− 4)! Hamiltonian cycles containing that edge and I.

Thus, from all of these arguments, we can calculate the value of AU whose coor-
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dinates correspond to variables xij and xip:

c

|Y |
∑
u∈U

v∈V−U

∑
x∈Y

{i,j}⊂x
{i,p}⊂x

xuv −
∑
x∈Y

{i,j}⊂x
{i,p}⊂x

2

=c
2

(n− 1)!

( ∑
u∈U

v∈V−U

#{Hamiltonian paths containing {i, j}, {i, p}, {u, v}}

− 2(n− 3)!

)
=

n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
(n− 3)! + (m− 2)(n− 4)!

+ (n−m− 1)(n− 4)! + (m− 2)(n−m− 1)2(n− 4)!− 2(n− 3)!

)

=
2(m− 2)

(n− 2)(n− 3)(m− 1)
.

(8.2)

All other entries of AU are found analogously, and can be found below. For our

notation below, we will use indices u1, u2, u3, u4 to denote 4 distinct vertices in U and

indices v1, v2, v3, v4 to denote 4 distinct vertices in V −U . We denote by α(u1u2, v1v2)

the entry for (8.1) in AU where I consists of edges {u1, u2} and {v1, v2}. Using this

notation, each of the entries of AU can be found below.

α(∅) =
c

|Y |
∑
u∈U

v∈V−U

∑
x∈Y
∅⊂x

xuv −
∑
∅⊂x

2

=
n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
m(n−m)(n− 2)!− 2

(n− 1)!

2

)
= 1
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α(u1u2) = α(u1u2, u1u2) =
c

|Y |
∑
u∈U

v∈V−U

∑
x∈Y

{u1,u2}⊂x

xuv −
∑

{u1,u2}⊂x

2

=
n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
2(n−m)(n− 3)!

+ (m− 2)(n−m)2(n− 3)!− 2(n− 2)!

)
=

2(m− 2)

(n− 2)(m− 1)

α(v1v2) = α(v1v2, v1v2) =
c

|Y |
∑
u∈U

v∈V−U

∑
x∈Y

{v1,v2}⊂x

xuv −
∑

{v1,v2}⊂x

2

=
n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
2m(n− 3)!

+ (n−m− 2)m2(n− 3)!− 2(n− 2)!)

)
=

2(n−m− 2)

(n− 2)(−m− 1 + n)

α(u1v1) =α(u1v1, u1v1)

=
c

|Y |
∑
u∈U

v∈V−U

∑
x∈Y

{u1,v1}⊂x

xuv −
∑

{u1,v1}⊂x

2

=
n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
(n−m− 1)(n− 3)! + (m− 1)(n− 3)!

+ (n− 2)! + (m− 1)(n−m− 1)2(n− 3)!− 2(n− 2)!

)
=

2

(n− 2)
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α(u1u2, u1u3) =
c

|Y |
∑
u∈U

v∈V−U

∑
x∈Y

{u1,u2}⊂x
{u1,u3}⊂x

xuv −
∑

{u1,u2}⊂x
{u1,u3}⊂x

2

=
n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
2(n−m)(n− 4)!

+ (m− 3)(n−m)2(n− 4)!− 2(n− 3)!

)
=

2(m− 3)

(n− 2)(n− 3)(m− 1)

α(u1u2, u3u4) =
c

|Y |
∑
u∈U

v∈V−U

∑
x∈Y

{u1,u2}⊂x
{u3,u4}⊂x

xuv −
∑

{u1,u2}⊂x
{u3,u4}⊂x

2

=
n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
4(n−m)2(n− 4)!

+ (m− 4)(n−m)4(n− 4)!− 2 · 2(n− 3)!

)
=

4(m− 3)

(n− 2)(n− 3)(m− 1)

α(u1u2, u1v1) =
c

|Y |
∑
u∈U

v∈V−U

∑
x∈Y

{u1,u2}⊂x
{u1,v1}⊂x

xuv −
∑

{u1,u2}⊂x
{u1,v1}⊂x

2

=
n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
(n− 3)! + (n−m− 1)(n− 4)!

+ (m− 2)(n− 4)! + (m− 2)(n−m− 1)2(n− 4)!− 2(n− 3)!

)
=

2(m− 2)

(n− 2)(n− 3)(m− 1)
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α(u1u2, u3v1) =
c

|Y |
∑
u∈U

v∈V−U

∑
x∈Y

{u1,u2}⊂x
{u3,v1}⊂x

xuv −
∑

{u1,u2}⊂x
{u3,v1}⊂x

2

=
n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
2(n− 3)! + 3(n−m− 1)2(n− 4)!

+ 2(n− 4)! + (m− 3)(n−m− 1)4(n− 4)! + (m− 3)2(n− 4)!

− 2 · 2(n− 3)!

)
=

4(m− 2)

(n− 2)(n− 3)(m− 1)

α(u1v1, u1v2) =
c

|Y |
∑
u∈U

v∈V−U

∑
x∈Y

{u1,v1}⊂x
{u1,v2}⊂x

xuv −
∑

{u1,v1}⊂x
{u1,v2}⊂x

2

=
n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
2(n− 3)!

+ (m− 1)(n−m− 2)2(n− 4)! + (m− 1)2(n− 4)!− 2(n− 3)!

)
=

2

(n− 3)(n− 2)

α(u1u2, v1v2) =
c

|Y |
∑
u∈U

v∈V−U

∑
x∈Y

{u1,u2}⊂x
{v1,v2}⊂x

xuv −
∑

{u1,u2}⊂x
{v1,v2}⊂x

2

=
n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
2 · 2(n− 4)! + 2(n−m− 2)2(n− 4)!

+ (m− 2)2 · 2(n− 4)! + (m− 2)(n−m− 2)4(n− 4)!

− 2 · 2(n− 3)!

)
=

4(m− 2)(n−m− 2)

(n− 2)(n− 3)(mn−m2 − n + 1)
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α(u1v1, u2v2) =
c

|Y |
∑
u∈U

v∈V−U

∑
x∈Y

{u1,v1}⊂x
{u2,v2}⊂x

xuv −
∑

{u1,v1}⊂x
{u2,v2}⊂x

2

=
n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
2 · 2(n− 3)!

+ (m− 2)(n−m− 2)4(n− 4)! + 2(n−m− 2)2(n− 4)! + 2(n− 4)!

+ (m− 2)2 · 2(n− 4)!− 2 · 2(n− 3)!

)
=

2(2mn− 2m2 − 2n + 1)

(n− 2)(n− 3)(mn−m2 − n + 1)

α(u1v1, u2v1) =
c

|Y |
∑
u∈U

v∈V−U

∑
x∈Y

{u1,v1}⊂x
{u2,v1}⊂x

xuv −
∑

{u1,v1}⊂x
{u2,v1}⊂x

2

=
n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
2(n− 3)!

+ (m− 2)(n−m− 1)2(n− 4)! + 2(n−m− 1)(n− 4)!

− 2(n− 3)!

)
=

2

(n− 3)(n− 2)

α(u1v1, v1v2) =
c

|Y |
∑
u∈U

v∈V−U

∑
x∈Y

{u1,v1}⊂x
{v1,v2}⊂x

xuv −
∑

{u1,v1}⊂x
{v1,v2}⊂x

2

=
n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
(n− 3)! + (n−m− 2)(n− 4)!

+ (m− 1)(n−m− 2)2(n− 4)! + (m− 1)(n− 4)!− 2(n− 3)!

)
=

2(n−m− 2)

(n− 2)(n− 3)(−m− 1 + n)
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α(u1v1, v2v3) =
c

|Y |
∑
u∈U

v∈V−U

∑
x∈Y

{u1,v1}⊂x
{v2,v3}⊂x

xuv −
∑

{u1,v1}⊂x
{v2,v3}⊂x

2

=
n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
2(n− 3)! + 2(n− 4)!

+ (n−m− 3)2(n− 4)! + (m− 1)3 · 2(n− 4)!

+ (m− 1)(n−m− 3)4(n− 4)!− 2 · 2(n− 3)!

)
=

4(n−m− 2)

(n− 2)(n− 3)(−m− 1 + n)

α(v1v2, v2v3) =
c

|Y |
∑
u∈U

v∈V−U

∑
x∈Y

{v1,v2}⊂x
{v2,v3}⊂x

xuv −
∑

{v1,v2}⊂x
{v2,v3}⊂x

2

=
n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
m2(n− 4)!

+ m(n−m− 3)2(n− 4)!− 2(n− 3)!

)
=

2(n−m− 3)

(n− 2)(n− 3)(−m− 1 + n)

α(v1v2, v3v4) =
c

|Y |
∑
u∈U

v∈V−U

∑
x∈Y

{v1,v2}⊂x
{v3,v4}⊂x

xuv −
∑

{v1,v2}⊂x
{v3,v4}⊂x

2

=
n− 1

2(m(n−m) + 1− n)

2

(n− 1)!

(
m4 · 2(n− 4)!

+ m(n−m− 4)4(n− 4)!− 2 · 2(n− 3)!

)
=

4(n−m− 3)

(n− 2)(n− 3)(−m− 1 + n)

We note that the entries for A1 are equal to

(8.3)
1

|Y |
∑
x∈Y
I⊂x

1
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where I is any 0, 1, or 2 element subset of the vertices of Kn.

Now we calculate the entries for A1. For our notation below, we will use indices

w1, w2, w3, w4 to denote 4 distinct vertices in V . We denote by Ω(w1w2, w3w4) the

entry for (8.3) in A1 where I consists of edges {w1, w2} and {w3, w4}. Using this

notation, each of the entries of A1 can be found below.

Ω(∅) =
1

|Y |
∑
x∈Y
∅⊂x

1 = 1

Ω(w1w2) = Ω(w1w2, w1w2) =
1

|Y |
∑
x∈Y

{w1,w2}⊂x

1 =
2

n− 1

Ω(w1w2, w1w3) =
1

|Y |
∑
x∈Y

{w1,w2},
{w1,w3}⊂x

1 =
2

(n− 1)(n− 2)

Ω(w1w2, w3w4) =
1

|Y |
∑
x∈Y

{w1,w2},
{w3,w4}⊂x

1 =
4

(n− 1)(n− 2)

8.2 Eigenvalue Computations

These computations complete the proofs of Lemmas VII.12 and VII.13.

8.2.1 Lemma VII.12

For Lemma VII.12, the first two rows of the table have already been verified. We

address the 4 remaining rows one at a time.
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Eigenvalue 2(n−m−2)
(n−2)(n−m−1)

Let u = xpq − xqr + xrs − xsp for distinct p, q, r, s ∈ V −U . The coefficient of 1 in

AUu is

c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y

{p,q}⊂x

xuv −
∑
x∈Y

{p,q}⊂x

2

)
− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y

{q,r}⊂x

xuv −
∑
x∈Y

{q,r}⊂x

2

)

+
c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y

{r,s}⊂x

xuv −
∑
x∈Y

{r,s}⊂x

2

)
− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y

{s,p}⊂x

xuv −
∑
x∈Y

{s,p}⊂x

2

)
.

The coefficient of xab in AUu is

c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{a,b},
{p,q}⊂x

xuv −
∑
x∈Y
{a,b},
{p,q}⊂x

2

)
− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{a,b},
{q,r}⊂x

xuv −
∑
x∈Y
{a,b},
{q,r}⊂x

2

)

+
c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{a,b},
{r,s}⊂x

xuv −
∑
x∈Y
{a,b},
{r,s}⊂x

2

)
− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{a,b},
{s,p}⊂x

xuv −
∑
x∈Y
{a,b},
{s,p}⊂x

2

)
.

Note that from Remark VII.11 we can see that any entry in AUu is 0 except

perhaps for the coefficients of xpq, xqr, xrsxsp. Using the calculations found in section

8.1, and Lemma VII.1 we calculate that the coefficient of xpq is

c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y

{p,q}⊂x

xuv −
∑
x∈Y

{p,q}⊂x

2

)
− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{p,q},
{q,r}⊂x

xuv −
∑
x∈Y
{p,q},
{q,r}⊂x

2

)

+
c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{p,q},
{r,s}⊂x

xuv −
∑
x∈Y
{p,q},
{r,s}⊂x

2

)
− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{p,q},
{s,p}⊂x

xuv −
∑
x∈Y
{p,q},
{s,p}⊂x

2

)

= α(v1v2)− α(v1v2, v2v3) + α(v1v2, v3v4)− α(v1v2, v2v3)

=
2(n−m− 2)

(n− 2)(n−m− 1)
.

Similarly, the entry of AUu corresponding to xqr is − 2(n−m−2)
(n−2)(n−m−1)

, corresponding to

xrs is 2(n−m−2)
(n−2)(n−m−1)

, and corresponding to xsp is − 2(n−m−2)
(n−2)(n−m−1)

.
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Eigenvalue 2(m(n−3)(n−m)−(n−2)2)
(n−2)(n−3)(m−1)(n−m−1)

Let u = xip − xiq + xjq − xjp for distinct i, j ∈ U , distinct q, p ∈ V −U . Similarly

to the previous computation, using Remark VII.11 we can see that all entries of AUu

are 0 except perhaps the coefficients of xip, xiq, xjq, and xjp. We calculate the entry

of xip is

c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y

{i,p}⊂x

xuv −
∑
x∈Y

{i,p}⊂x

2

)
− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{i,p},
{i,q}⊂x

xuv −
∑
x∈Y
{i,p},
{i,q}⊂x

2

)

+
c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{i,p},
{j,q}⊂x

xuv −
∑
x∈Y
{i,p},
{j,q}⊂x

2

)
− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{i,p},
{j,p}⊂x

xuv −
∑
x∈Y
{i,p},
{j,p}⊂x

2

)

= α(u1v1)− α(u1v1, u1v2) + α(u1v1, u2v2)− α(u1v1, u2v1)

=
2(m(n− 3)(n−m)− (n− 2)2)

(n− 2)(n− 3)(m− 1)(n−m− 1)
.

Similarly, the entry of AUu corresponding to xiq is − 2(m(n−3)(n−m)−(n−2)2)
(n−2)(n−3)(m−1)(n−m−1)

, corre-

sponding to xjq is 2(m(n−3)(n−m)−(n−2)2)
(n−2)(n−3)(m−1)(n−m−1)

, and corresponding to xjp is

− 2(m(n−3)(n−m)−(n−2)2)
(n−2)(n−3)(m−1)(n−m−1)

.

Eigenvalue 2(m−2)
(n−3)(m−1)

Let u =
∑

`∈U
` 6=i,j

(
n−m
m−2

xi`− n−m
m−2

xj`

)
+
∑

t∈V−U

(
− xit + xjt

)
for distinct i, j ∈ U .

Similarly to the previous computation, using Remark VII.11 we can see that all

entries of AUu are 0 except perhaps the coefficients of xiλ, xjλ for λ ∈ U, λ 6= i, j and
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xiτ , xjτ for τ ∈ V − U . We calculate the entry of xiλ for λ ∈ U, λ 6= i, j is

n−m

m− 2

∑
`∈U
` 6=i,j

 c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{i,λ},
{i`}⊂x

xuv −
∑
x∈Y
{i,λ},
{i,`}⊂x

2

)
− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{i,λ},
{j,`}⊂x

xuv −
∑
x∈Y
{i,λ},
{j,`}⊂x

2

)

+
∑

t∈V−U

− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{i,λ},
{i,t}⊂x

xuv −
∑
x∈Y
{i,λ},
{i,t}⊂x

2

)
+

c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{i,λ},
{j,t}⊂x

xuv −
∑
x∈Y
{i,λ},
{j,t}⊂x

2

)
=

n−m

m− 2
(α(u1u2) + (m− 3)α(u1u2, u1u3)− (α(u1u2, u1u3) + (m− 3)α(u1u2, u3u4))

−(n−m)α(u1u2, u1v1) + (n−m)α(u1u2, u3v1)

=
2(m− 2)

(n− 3)(m− 1)

n−m

m− 2

Similarly, we find that the coefficient of xjλ for λ ∈ U, λ 6= i, j is − 2(m−2)
(n−3)(m−1)

n−m
m−2

.

The coefficient of xi,τ for τ ∈ V − U is

n−m

m− 2

∑
`∈U
` 6=i,j

 c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{i,τ},
{i`}⊂x

xuv −
∑
x∈Y
{i,τ},
{i,`}⊂x

2

)
− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{i,τ},
{j,`}⊂x

xuv −
∑
x∈Y
{i,τ},
{j,`}⊂x

2

)

+
∑

t∈V−U

− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{i,τ},
{i,t}⊂x

xuv −
∑
x∈Y
{i,τ},
{i,t}⊂x

2

)
+

c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{i,τ},
{j,t}⊂x

xuv −
∑
x∈Y
{i,τ},
{j,t}⊂x

2

)
=

n−m

m− 2
((m− 2)α(u1u2, u1v1)− (m− 2)α(u1u2, u3v1))

−(α(u1v1) + (n−m− 1)α(u1v1, u1v2)) + α(u1v1, u2v1) + (n−m− 1)α(u1v1, u2v2)

= − 2(m− 2)

(n− 3)(m− 1)

Similarly, we find that the coefficient of xjτ for τ ∈ V − U is 2(m−2)
(n−3)(m−1)

.
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Eigenvalue 2(n−m−2)
(n−3)(n−m−1)

Let u =
∑

t∈V−U
t6=p,q

(
m

n−m−2
xpt − m

n−m−2
xqt

)
+
∑

`∈U

(
− xp` + xq`

)
for distinct

p, q ∈ V − U . Similarly to the previous computation, using Remark VII.11 we

can see that all entries of AUu are 0 except perhaps the coefficients of xpτ , xqτ for

τ ∈ V − U, τ 6= p, q and xpλ, xqλ for λ ∈ U . We calculate the entry of xpτ for

τ ∈ V − U, τ 6= p, q is

m

n−m− 2

∑
t∈V−U
t6=p,q

 c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{p,τ},
{p,t}⊂x

xuv −
∑
x∈Y
{p,τ},
{p,t}⊂x

2

)

− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{p,τ},
{q,t}⊂x

xuv −
∑
x∈Y
{p,τ},
{q,t}⊂x

2

)

+
∑
λ∈U

− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{p,τ},
{p,`}⊂x

xuv −
∑
x∈Y
{p,τ},
{p,`}⊂x

2

)
+

c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{p,τ},
{q,`}⊂x

xuv −
∑
x∈Y
{p,τ},
{q,`}⊂x

2

)
=

m

n−m− 2
(α(v1v2) + (n−m− 3)α(v1v2, v1v3)

− (α(v1v2, v1v3) + (n−m− 3)α(v1v2, v3v4))

−mα(u1v1, v1v2) + mα(u1v2, v2v3)

=
2(n−m− 2)

(n− 3)(n−m− 1)

m

n−m− 2

Similarly, we find that the coefficient of xq,τ for τ ∈ V − U, τ 6= p, q is

− 2(n−m−2)
(n−3)(n−m−1)

m
n−m−2

.
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We calculate the entry of xpλ for λ ∈ U is

m

n−m− 2

∑
t∈V−U
t6=p,q

 c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{p,λ},
{p,t}⊂x

xuv −
∑
x∈Y
{p,λ},
{p,t}⊂x

2

)

− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{p,λ},
{q,t}⊂x

xuv −
∑
x∈Y
{p,λ},
{q,t}⊂x

2

)

+
∑
λ∈U

− c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{p,λ},
{p,`}⊂x

xuv −
∑
x∈Y
{p,λ},
{p,`}⊂x

2

)
+

c

|Y |

( ∑
u∈U

v∈V−U

∑
x∈Y
{p,λ},
{q,`}⊂x

xuv −
∑
x∈Y
{p,λ},
{q,`}⊂x

2

)
=

m

n−m− 2
((n−m− 2)α(u1v1, v1v2)− (n−m− 2)α(u1v1, v2v3))

− (α(u1v1) + (m− 1)α(u1v1, u2v1)) + α(u1v1, u1v2) + (m− 1)α(u1v1, u2v2)

= − 2(n−m− 2)

(n− 3)(n−m− 1)

Similarly, we find that the coefficient of xq,λ for λ ∈ U is 2(n−m−2)
(n−3)(n−m−1)

.

8.2.2 Lemma VII.13

Now we compute the eigenvalues for Lemma VII.13. Let u = xαβ−xβγ +xγδ−xδα

for distinct α, β, γ, δ ∈ V . Then, since the entries of A1 are- invariant under any

permutation of the vertices, we can see that every entry of A1u will be 0 except

perhaps for the entries corresponding to xαβ, xβγ, xγδ, xδα. We calculate the entry of

A1u corresponding to xαβ to be



111

1

|Y |

 ∑
x∈Y

{α,β}⊂x

1

− 1

|Y |


∑
x∈Y
{α,β},
{β,γ}⊂x

 1 +
1

|Y |


∑
x∈Y
{α,β},
{γ,δ}⊂x

1

− 1

|Y |


∑
x∈Y
{α,β},
{δ,α}⊂x

1


= Ω(w1w2)− Ω(w1w2, w1w3) + Ω(w1, w2, w3, w4)− Ω(w1, w2, w1, w3)

=
2

n− 1

Similarly, we find that the coefficient of xβ,γ is − 2
n−1

, for xγδ is 2
n−1

, and for xδα

is − 2
n−1

.

8.3 Trace Computations

Here we present the remaining computations to find the final two eigenvalues in

the table for Theorem V.4. We consider the matrix B = aAU + (1 − a)A1. From

Theorem VII.10, we know that the traces of AU and A1 are both n + 1, so the trace

for B is also n+1. Using our knowledge of the entries for AU and A1, we can calculate

the entries for B, and thus the diagonal entries of B2. We present the calculations

for the diagonal entries of B2 below.

For our notation below, we will use indices u1, u2 to denote 2 distinct vertices in

U and indices v1, v2 to denote 2 distinct vertices in V −U . We denote by b(u1u2) the

diagonal entry of B2 corresponding to xu1u2 . We denote by b(∅) the diagonal entry

of B2 corresponding to the constant 1. Using this notation, each of the entries of B2

can be found below.
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b(∅) =(aα(∅) + (1− a)Ω(∅))2 +
m(m− 1)

2
(aα(u1u2) + (1− a)Ω(w1w2))

2

+ m(n−m) (aα(u1v1) + (1− a)Ω(w1w2))
2

+
(n−m)(n−m− 1)

2
(aα(v1v2) + (1− a)Ω(w1w2))

2

b(u1u2) = (aα(u1u2) + (1− a)Ω(w1w2))
2

+ 2(m− 2) (aα(u1u2, u1u3) + (1− a)Ω(w1w2, w1w3))
2

+ (aα(u1u2) + (1− a)Ω(w1w2))
2

+ (
m(m− 1)

2
− 2(m− 2)− 1) (aα(u1u2, u3u4) + (1− a)Ω(w1w2, w3w4))

2

+ 2(n−m) (aα(u1u2, u1v1) + (1− a)Ω(w1w2, w1w3))
2

+ (m− 2)(n−m) (aα(u1u2, u3v1) + (1− a)Ω(w1w2, w3w4))
2

+
(n−m)(n−m− 1)

2
(aα(u1u2, v1v2) + (1− a)Ω(w1w2, w3w4))

2



113

b(u1v1) = (aα(u1v1) + (1− a)Ω(w1w2))
2

+ (m− 1) (aα(u1u2, u1v1) + (1− a)Ω(w1w2, w1w3))
2

+

(
m(m− 1)

2
− (m− 1)

)
(aα(u1u2, u3v1) + (1− a)Ω(w1w2, w3w4))

2

+ (aα(u1v1) + (1− a)Ω(w1w2))
2

+ (m− 1) (aα(u1v1, u2v1) + (1− a)Ω(w1w2, w1w3))
2

+ (n−m− 1) (aα(u1v1, u1v2) + (1− a)Ω(w1w2, w1w3))
2

+ (m− 1)(n−m− 1) (aα(u1v1, u2v2) + (1− a)Ω(w1w2, w3w4))
2

+ (n−m− 1) (aα(u1v1, v1v2) + (1− a)Ω(w1w2, w1w3)
2

+

(
(n−m)(n−m− 1)

2
− (n−m− 1)

)
(aα(u1v1, v2v3)

+(1− a)Ω(w1w2, w3w4))
2

b(v1v2) = (aα(v1v2) + (1− a)Ω(w1w2))
2

+
m(m− 1)

2
(aα(u1u2, v1v2) + (1− a)Ω(w1w2, w3w4))

2

+ 2m (aα(u1v1, v1v2) + (1− a)Ω(w1w2, w2w3))
2

+ (n−m− 2)m (aα(u1v1, v2v3) + (1− a)Ω(w1w2, w3w4))
2

+ (aα(v1v2) + (1− a)Ω(w1w2))
2

+ 2(n−m− 2) (aα(v1v2, v1v3) + (1− a)Ω(w1w2, w1w3))
2

+

(
(n−m)(n−m− 1)

2
− 2(n−m− 2)− 1

)
· (aα(v1v2, v3v4) + (1− a)Ω(w1w2, w3w4))

2

Now we can compute the trace of B2 to be
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b(∅) +
m(m− 1)

2
b(u1u2) + m(n−m)b(u1v1) +

(n−m)(n−m− 1)

2
b(v1v2)
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ABSTRACT

The Computational Complexity of Convex Bodies

by

Ellen R. Veomett

Co-Chairs: Alexandre I. Barvinok and Stephen M. DeBacker

For a convex body B, the membership question is the following: given a point x, is x

in B? In this dissertation, we study the computational complexity of convex bodies

in terms of the membership question. Since this question can be quite difficult to

answer, we also study the computational complexity of testing membership for sets

approximating a convex body. We give two new approximation constructions, along

with some metric analysis of these approximations.


